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1.1 General introduction 
crystal: " a region of matter within which the atoms are arranged in a 
three-dimensionally periodic pattern" (M.J. Buerger) . 
In this thesis I present experimental and theoretical investigations on 
incormensurate crystals. Incommensurate crystals differ from ordinary 
crystals in this respect that they do not posses the normal three dimen-
sional lattice symmetry. Accordingly the definition of crystal quoted above 
does not apply, and the usual crystallographic properties are also lost. 
It will be shown that by the mathematical machinery of the superspace ap-
proach one recovers crystallographic symmetries and one also gets an adequate 
framework to understand the physical properties of incommensurate crystals. 
There are three main reasons to perform such a study: 
1. Incommensurability is a very widespread phenomenon; it is found m all 
kinds of solids (insulators, metals, semiconductors, superconductors) 
2. The lattice symnetry is one of the fundaments of solid state theory 
and has a very far reaching consequences, classically as well as quan-
tum mechanically. 
3. Incommensurate systems are expected to show all kinds of interesting 
new features, like zero frequency phase modes and solitons (solitary 
waves). 
Since ages, men are familiar with symmetry, just from looking at the 
surroundings:the repetition of motifs on wall paper or textile, the syimie-
tncal arrangement of stones in pavements, the synmetry in many decorations 
and buildings. Beautiful examples can also be found in nature: e.g. the 
hexagonal syitmetnes of honeycombs and snowflakes. A geometric figure is sym-
metric when some (geometrical) transformations exist (such as translations 
or rotations) which will transform this figure into itself. The set of all 
operations having this property forms a group. Therefore the mathematical 
framework of symnetry is given by group theory. 
In physics, symmetry plays a very important role, not only because of 
its beauty but also because of its far reaching consequences for many fun-
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damental concepts and properties. This is particularly true in solid state 
physics due to the great variety of geometrical symmetries found in the 
crystalline state of matter. In a crystal, the atoms form a regular pattern, 
obtained by repeating a unit set of atoms by lattice translations in three 
dimensions. The symmetry properties of all possible configurations which are 
obtained in this way are described by the crystallographic space groups. 
Many of the basic concepts of solid state theory are intimately related to 
such a space group symmetry e.g. Brillouin zones, Bloch electrons, phonons 
and the corresponding selection rules regulating transitions among possible 
states. Accordingly, group theory has become an indispensable tool for 
solid state physics. In fact, apart from amorphous substances, all single 
crystals were supposed to be described adequately by one of the 230 crystal-
lographic space (groups as classified already at the end of the 19 century. 
This situation changed dramatically with the discovery of crystal phases 
with an incommensurate structure. Here, the atoms are arranged in such a way 
that (at least m one direction) there is no lattice translational invariance 
and consequently none of the 3-dimensiona] space groups can describe the re-
sulting crystal. This has put forward the fundamental problem how one should 
generalize the usual concepts of solid state theory, which are so closely 
related to symmetry, to include the incommensurate case. In addition, the 
question ¿irises in what way this incommensurability will manifest itself in 
the physical properties.These problems are particularly intriguing because 
of the widespread occurrence of incommensurate structures showing that in-
commensurability is quite a general phenomenon and not one limited to a few 
exotic materials discovered by accident. 
The first step towards a solution was made by de Wolff in Delft, who 
introduced a four dimensional space group to describe the diffraction pat-
tern of the incommensurate structure γ-Na-CO-.. This approach was generalized 
for arbitrary finite dimensions by Janner and Janssen in Nijmegen. In their 
so called "superspace approach", one mathematically defines a periodic struc­
ture m a higher dimensional Euclidean space. The real crystal then appears 
as an intersection of this imaginary crystal with the three dimensional real 
world. By this construction, the translational invariance is recovered again, 
but now in a 3+d dimensional world, where d is given by the number of mutual­
ly incommensurate periodicities (or equivalently by the minimal number of 
additional indices needed for labelling the Bragg reflections). The symmetry 
properties of these superspace crystals are described by superspace groups, 
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and consequently superspace symmetry plays an analogous role for incommen-
surate structures as the three dimensional symmetry for normal crystals. 
Our probi an can thus be reformulated in the following way: how can we gene-
ralize the conventional theory of the solid state to the 3+d dimensional 
superspace description and how will this eventually be manifested in the 
properties of the crystal? 
To examine this problem, wo have performed an experimental and theo-
retical study of the incommensurate crystal phase of Rb^ZnRr., used as a 
model substance. By using different experimental techniques we have inves-
tigated .static and dynamic properties of this system, and we have used the 
superspace approach to give a proper interpretation of experimental results. 
As the latter is still very much in progress, this analysis is obviously 
far from being complete. We shall show, however, that in principle the super-
space approach gives the adequate machinery to describe the physics of in-
commensurate crystals. 
This thesis is organized as follows: First the general phenomena of 
structural phase transitions will be reviewed in section 1.2 and the similar 
points concerning transitions to an incommensurate phase in section 1.3. 
Section 1.4 gives a more general introductLon to the aspects and problems 
of incommensurate crystals and section 1.5 contains a survey of the struc-
tural properties of our model crystal Rb_ZnBr.. Chapters 2 through 5 con-
tain four different experimental studies. They start with an mtroductio-
nary section, where the technique and the special aspects concerning incom-
mensurability are shortly discussed; the experimental details are given at 
the end of that part. The results are all presented in the form of articles 
which have been or will be published . 
In chapter 2 the morphology of incormensurate crystals is studied. It 
will be shown that, analogous to the conventional case, the macroscopic form 
of incommensurate single crystals reflects the underlying microscopic 
symmetry, which is now described by a 4-dimensional superspace group. 
Chapter 3 presents measurements of the dielectric constant which reveal the 
appearance of solitons. In chapter 4 the vibration spectrum is studied with 
Raman and far-infrared measurements. The selection rules for the allowed 
transitions in these two cases are derived from the superspace group. A 
harmonic oscillator model, adapted to the superspace translation symmetry, 
is presented to give a physical interpretation of the results. With the 
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help of this simple model, one can understand the basic features of the 
incormiensurato crystal vibrations on an introductory text-book level. 
In chapter 5, a detailed NMR (nuclear magnetic resonance) study is reported 
which was carried out in co-operation with the group of Prof. R. Blinc at 
the Josef Stefan Institute in Ljubljana (Yugoslavia). It gives experimental 
confirmation about a lot of subtle details concerning the form of the modu­
lation wave, the critical exponents near the phase transitions and the ap­
pearance of phasons and solitons. Finally, in chapter 6 a comprehensive 
theoretical superspace analysis of all experimental results is given, in 
accordance with the present stage of theory. Those readers who first want 
to get acquainted with the superspace approach are advised to read first 
section 6.2. A summary of the thesis is given in chapter 7 and Θ. 
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1.2 Structural phase transitions 
At a structural phase transition (SPT) the arrangement of the atoms 
within the crystal changes and consequently a change in the symmetry prop­
erties of the structure will take place. A simple example is shown in Fig. 
1, to illustrate a SPT where the atomic displacements result in a doubling 
of the unit cell. Here, the translation symmetry χ - χ + na is lost for η 
odd, and the four fold rotation symmetry is reduced to a two fold axis. 
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Fig. 1 Example of a structural phase transition. The atomic shifts (indi­
cated by arrows) cause a doubling of the unit cell and break the 
4-fold symmetry axis. 
The main manifestations of a SPT can be analyzed by a study of: 
1) soft mode(s) 
2) order parameter(s) 
3) symmetry changes. 
According to the soft mode theory a SPT is the result of an instability 
of one of the normal vibrational modes of the crystal. The physical pic­
ture is as follows: on approaching the transition temperature Τ from above, 
the frequency of the relevant phonon mode decreases towards zero ("softens") 
until finally this soft mode will "condense out" as a static distortion and 
the low temperature structure will be determined by the atomic displacements 
corresponding to the "frozen-in" soft mode. Generally, this softening can be 
described through a temperature dependent dispersion relation, e.g. as 
13 
ü)2(k) = A(T - Τ ) + В (k-k ) 2 (1) 
s с о 
where к is the wavevector of the unstable mode. For example, a transition 
о 
to a ferroelectric state corresponds with a mode softening at к = 0 , where­
as for an anti-ferroe]ectric state, Lhe instability occurs at the BrilJouin 
zone boundary. 
A thermodynamic theory of a SPT involves the existence of an order para­
meter η, which is zero above Τ , Eind temperature dependent below Τ . If η is 
a continuous function of T, the transition іь called second order; if dis­
continuous, we have a first order SPT. Often this order parameter gives a 
measure of the deviation of the configuration of the atoms from that in the 
high temperature phase and can thus be connected to the eigenvector of the 
soft mode. In the Landau theory of second order phase transitions , the 
thermodynamic potential Φ is expanded (in the ferroelectric case) in even 
powers of η: 
Φ = Φ + 2 an + \Ъг\ + .... ( ¿ ) 
where a and b are a function of temperature, and Φ is the potential for 
η=0. Near Τ ,b is assumed to be constant while a is supposed to show a 
critical temperature dependence 
a(T) = a'CT-T ) . (3) 
с 
This temperature dependence of a is exactly equivalent to the soft mode 
description leading to Eq. (1). 
The spontaneous appearance of an order parameter below Τ breaks the 
symmetry of the system, i.e. some of the symmetry elements of the high tem­
perature phase are lost on cooling below Τ . For example, the spontaneous 
polarization of a ferroelectric will destroy a mirror plane perpendicular 
to the polarization axis if present above Τ . In the low temperature phase, 
there will always be a sym/netry restoring mode. One can distinguish two 
different cases: the broken symmetry corresponds either to 
1) a group of continuous operations , or 
2) a group of discrete operations . 
In the first case the symmetry restoring mode has zero frequency for all 
Τ < Τ and is called the Goldstone mode; in the second case this mode has 
1Í4 
finite frequency but softens as Τ is approached from below. This mode is 
equivalent to the high temperature soft mode. An example of a Gold.stone mode 
is found in an isotropic Heisenberg ferromagnet in the absence of an external 
field: at the transition to the ferromagnetic phase a spontaneous magneti­
zation M appears which breaks the isotropy of the high temperature phase. 
However the direction of M is free because all orientations lead to the same 
energy. This gives rise to a zero frequency spin wave mode at к = 0 corres­
ponding to a precession of M as a whole. 
The breaking of synmetry at a SPT leads obviously to the question of 
what will be the syimietry of the new phase and what is the relation between 
the symmetries below and above Τ . for a discontinuous first order phase 
transition, one can not make very definite statements with respect to this 
point. For a second order SPT, the low temperature structure is uniquely de­
termined by the soft mode eigenvector and the high temperature structure. 
According to the Landau theory, the symmetry group below Τ is then a sub­
group of the space group above Τ . In most practical cases it appears that 
only the maximal subgroups are realized in nature (maximal with respect to 
properly defined properties). 
To summarize : At α second order structural phase transition we have: 
1) soft mode above Τ 
с 
2) spontaneous appearance of an order parameter below Τ 
3) breaking of symmetry at Τ 
л\ ^ ι. j ι_ ι m I Goldstone mode 
4) symmetry restoring mode below Τ \ . , 
5) new symmetry group is a properly defined maximal subgroup of 
old one. 
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1.3 Phase transition to an incommensurate phase 
Now we shall discuss briefly the specific aspects involved with a SPT 
to an incommensurate phase; we shall limit ourselves to the case of an in-
coirmensurate displacive modulation. 
If an unstable vibrational mode softens at a general point q inside 
the first Brilloum zone, this will give rise to an incommensurate phase 
characterized by just that q. In such a case, the order parameter is 
characterized by an amplitude A and a phase φ: 
η = A COS φ 
In a normal crystal, all translational equivalent atoms can be characterized 
by an arbitrary but equal phase factor. The inconmensurate modulation breaks 
this continuous phase symmetry, and consequently this will give rise to a 
zero-frequency Goldstone mode in the low temperature phase, called the 
phason mode. There is an interesting analogy between the spin wave mode and 
the phason mode: the energy of the ferromagnetic phase is degenerate with 
respect to the direction of the magnetization, while the ground state energy 
of the inconmensurate phase is degenerate with respect to the phase of the 
modulation wave (i.e. a uniform shift of this wave through the crystal does 
not change the energy). In the first case, this gives rise to a zero frequency 
spin mode while in the incommensurate case this degeneracy yields a zero 
freqency phase mode. This phason mode is intrinsically connected to the in­
conmensurate nature of the modulation and represents a new kind of excita­
tion. There is also a soft mode below the transition, connected with the 
fluctuations of the amplitude of the modulation wave, and consequently 
called an amplitudon mode. The frequency of this mode increases with de­
creasing temperature as a normal soft mode. 
Finally,we arrive at the question of the relation between the symmetry 
of the high and of the low temperature phase. As already discussed before, 
due to the absence of lattice translation symmetry in three dimensions, 
the incommensurate phase can not be described by one of the ordinary crystal-
lographic space groups. This means that there cannot be a group-subgroup rela­
tion between these two phases in the usual sense, even if the transition is 
continuous. However, also here the low temperature structure is determined 
by the high temperature structure and the soft mode eigenvector, only the 
phase of this soft mode remains undetermined. 
16 
1.4 Incommensurate crystals 
1.4.1 General aspects 
An incommensurate crystal has a well defined and long range ordered 
structure, but at least in one direction there is no lattice translation 
symmetry. This direction is characterized by the simultaneous occurrence 
of different periodicities, with wavelengths having an irrational ratio. 
Incommensurability can be manifested in many different ways, e.g.: 
1) by the presence of a displacive modulation of the atoms, with a 
modulation wavelength not fitting with the underlying lattice perio-
dicity (displacive modulation) 
2) by a periodic distribution of the atoms over some discrete positions 
within the unit cell of a given normal crystal structure, again with 
a period length which does not fit with the underlying lattice perio-
dicity (density modulation). 
3) when the crystal consists of two or more subsystems, each having its 
own lattice periodicity, which are mutually incommensuraLe (intergrowth 
crystals). 
Fig. 1 gives an illustration of the above mentioned examples. Note that the 
list given above is not an exhaustive one and that m real crystals very 
often these various types occur in combination. 
Due to the absence of lattice translational invariance, incommensurate 
crystals do not obey the classical definition of a crystal. Yet we speak, 
and rightly so, of crystals because they are perfectly ordered and are ther-
modynamically stable phases, which share most of the physical properties of 
ordinary crystal phases. This explains, by the way, the reason why their 
intrinsic nature has been recognized only after more than two centuries of 
crystal investigations. 
This ordening can clearly be seen in their well defined (X-ray or 
neutron) diffraction patterns. For example, the diffraction pattern of a 
dispiacively modulated crystal is characterized by main reflections, de-
fining a basic structure having lattice periodicity, and by satellite re-
flections, originating from the additional periodicities. These satellites 
also appear as sharp spots, but their positions cannot consistenly (i.e. 
17 
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Fig. 1 Three examples of incommensurate structures. 
18 
within the4 same crystal phase) be indexed with rational numbers with res­
pect to the main reflections. Therefore we speak about incommensurate crys­
tals. The most important aspect of this irratjona]ity is the fact that the 
wavelengths of the different periodicities vary continuously with respect 
to each other as a function of an external parameter (temperature, pres.sure, 
a.s.o.).As a consequence an approximation with rational indices is physical­
ly meaninaless. The independent behaviour of these periodicities indicates 
the presence of additional translational degrees of freedom. This makes a 
description in a higher dimensional space natural and useful, as is done in 
the superspace approach. Accordingly, to characterize an incommensurate 
structure, one considers more than three lattice parameters: in the case of 
a one dimensional modulation those associated with the basic lattice vec­
tors a, b, с and the modulation wavevector q. 
These structural aspects of incommensurabili tv have interesting con­
sequences for related problems: Is it possible to generalize the concept 
of Rrilloum zones to incommensurate crystals? How does one describe the 
usual well known properties of solid state physics in incommensurate ( rys-
tals; what are the excitations from the mcommensurate ground state; can 
we still speak of phonons etc. On the other hand, experiments show that 
incommensurate crystals behave almost the same as ordinary crystals, the 
differences are only subtle. Schematically, these problems can be pre­
sented in the following way: 
incommensurate 
no lattice translation symmetry 
no finite unit cell 
no space group symmetry 
no stable commensurate approxi­
mation 
no Brillouin zone 
crystals 
yet: long range order with recognizable 
periodicities in the structure 
yet: single crystals 
yet: Bragg diffraction peaks with 
systematic extinctions 
yet: crystal phase thermodynamical 
stable 
yet: roughly same quantum mechanical 
properties 
The fact that incommensurability is not only a very fundamental problem 
but also a very general phenomenon is illustrated in table I, showing a 
wide variety of compounds exhibiting incommensurate crystal phases. 
Table I: examples of different incommensurate structures 
ionic crystals : Ыа2СО,, K 2Se0 4, Rb ZnDr 
metallic : AuCu II, MgSi~ 
semiconductors : TaSe9 
superconductors : 2H-NbSe2 
molecular : thiourea (SC(NH2)2) 
magnetic : Cr, Nd, CeSb 
organic : TTF - TCNQ, biphenyl 
organo-metallie : KCP(K2Pt(CN)4 Вг и .3.2 H20) 
interstitial : Martensite Fe(C) 
natural mineral : Plagioclase (Na,Ca,Si, Al) 
liquid crystals. : DOBAMC (p-decyloxybenzilidene p'-amino 2 methyl butyl 
cinnamate) 
There is no common mechanism causing incommensurability in all these 
different systems. Nevertheless, in a number of cases the physical origin 
of the occurrence of incommensurability can be understood quite well. For 
example, m the so called "charge density wave" systems (e.g. TTF-TCNQ ) we 
have two essentially independent periodicities: that of the ions, given by 
the lattice, and that of the conduction electrons, characterized by a 
Fermi-wave vector,leading to the well known Peierls instability. Another 
theoretically well understood problem is that of an adsorbed mono-layer 
on a substrate: here we have a mismatch between two independent lattice 
2 
constants. A somewhat analogous situation is found in the intergrowth 
crystals. For ionic crystals, like Rb2ZnBr the origin of the modulation 
is less obvious. However, recent theoretical one-dimensional models show 
that the presence of a sufficiently strong third-neighbour-interaction can 
give rise to an incommensurate ground state in such ionic systems. This 
ground state corresponds with a dispiacive modulation, as is indeed found 
in Rb2ZnBr. and a large family of related structures. The most simple and 
frequently occurring example m ionic systems is that of a one dimensional 
modulation, i.e. a distortion characterized by only one wavevector q. 
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1.4.2 The one-dimensionally displacive modulation 
In a normal crystal with a lattice Λ spanned by the basis vectors 
a, b and c, the positions of the atoms are determined by: 
r(n,j)=r + n η Ξ (n,, n_, гц) with integer indices (1) 
where r is the position of atom j in the unit cell and 
η = η, a + η-, b + п. с a lattice vector, η e Л. The Bragg peaks of the 
corresponding diffraction pattern are given by: 
G = ha* + kb* + 1c* Ξ (h,k,l) (2) 
where a*, b* and c* span the reciprocal lattice Λ* and the indices h,k, 
and 1 are integer. 
A modulated structure arises when we add a modulation wave to Eq. 
(1), and this yields (in a"plane wave"approximation): 
r(n,]) = r +n+Acos[(r +n).q + ^  ] (3) 
A is the amplitude of the modulation, q its wave vector and φ a phase 
factor. The modulation wave vector q can be expressed in the reciprocal 
basis vectors: 
q = m, a* + nub* + m с*. (4) 
Incommensurability implies that at least one of the coefficients m is an 
irrational number. The diffraction pattern of such a structure is obtained 
by calculating the intensity I of a scattered X-ray or neutron beam. For 
an incoming beam with wavevector к we get: 
crystal 
outgoing — ~ 
X-rays e l ' < r 
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I = | ƒdVp(r) e | 
\faVZ b 6(r - r(i,n))c 
I j J, 
-іДк.г i2 
(5a) 
(5b) 
with p(r) the olecLron density and b the scattering factor of atom 3. 
bubstituting the modalaUxi position.s r(],n) of Eq. (3) and making use of 
the Jacobi-Anger formula generating Вечзе] functions J of order m: 
izsinv? ™
 T , 1 imip e = Σ J (ζ)e , we get : 
m 
, y , -і(Лк + mqMr + η) -im<p 
I = ь b e ^ і 
J J 
e - о J (Дк.А) 
m ' 
(6) 
From Eq. (б) i t i s obvious t h a t : 
Ι ρ έ Ο ^'Ak + mq = G, in integer . (7) 
Consequently, the diffraction pattern consibts of two contributions: 
1) m = 0 main Bragg peaks 
?) m / 0 satellite Bragg peaks 
Дк = G Ξ (h,k,l) 
Дк = G + mq I (h,k,l,m). 
Due to the dependence on J , the latter in general show decreasing intensity 
with increasing m. Fig. (2) gives an illustration of a transversal modula­
tion and the corresponding diffraction pattern. 
MODULATED CRYSTAL 
λ 
DIFFRACTION PATTERN 
q 
< »I 
• • ··- · • 
· · - · -· • · - · * ·-
' L c 
Fig. 2 Example of a displacively modulated crystal and the corresponding 
diffraction pattern. 
2? 
The experimental investigations of crystals like Rb^ZnBr give the 
following picture: In the inconmensurate phase, the amplitude A increases 
with decreasing temperature. Therefore, the resulting distortion will be­
come big and will no longer show a purely sinusoidal shape, but higher har-
ц 
monies start to play a role. Following McMillan vie might expect that the 
crystal tries to create conmensúrate regions, and these will be separated 
by regions where the phase of the distortion changes rapidly, the so called 
"discommensurations" or "phase solitons". The modulation can still be des-
cribed by a similar function as in Eq. (3), but with A temperature indepen-
dent and the phase Ψ being a function of position. For a modulation along 
the c-axis, φ = <ρ{ζ). The spatial variation of <Mz) is obtained as a solu­
tion of the sine-Gordon equation: 
—У = pa simpv) (8) 
dz 
yielding the single soliton solution: 
ν'(ζ) = — tan exp(paz) (9) 
where a measures the width of the soliton and the integer ρ is related 
to the commensurate wavevector by: q = c*/p. Accordingly, the incommensu­
rate crystal can be described by a distribution of solitons (sollten lat­
tice). With decreasing temperature, the commensurate regions will grow at 
the expense of the solitons, untili finally the whole crystal becomes 
conmensúrate. Therefore, the density of solitons can serve as an order 
parameter to describe the transition from the incommensurate to the commen-
surate phase. This phase transition is exptected to be of first order. 
Finally, we will make a short remark on the excitations in the in-
commensurate phase. The modulation wave, which in the high temperature 
phase was assigned to a low frequency excitation, now describes the ground 
state configuration. The new excitations involve now also fluctuations of 
this wave, which can occur in two ways: 
1) fluctuations of the amplitude 
2) fluctuations of the phase 
23 
AMPLITUDON MODE 
PHASON MODE 
Fig. 3 Artists impression of amplitude and phase fluctuations (dashed) 
of the modulated ground state (drawn line). 
The corresponding excitations are called amplitudons and phasons. These are 
visualized in Fig. 3. The phason mode deserves some special attention: 
because of the incommensurate nature of the modulation, a change in the 
phase will give the same ground state energy. Therefore, at least when 
there are not high barriers between these degenerate ground states, such a 
shift does not cost energy. Accordingly, a phase mode is thus expected to 
3 
be a zero frequency mode. The microscopic model of Janssen and Tjon in­
deed shows, that such a phason mode is possible. Of course, any given such 
a phason or amplitudon mode can be decomposed in phonons, because also 
here it is a matter of fluctuations of the positions of the atoms. However, 
due to the fact that, in general, these two types of excitations behave as 
elementary excitations, careful experiments allows one to distinguish be­
tween both and other types of elementary excitations. 
To summarize: In an incommensurate displacively modulated crystal we have: 
, main reflections —»• Λ* 
- diffraction pattern < _ 
^ satellite reflections—*• q 
structure defined by { lattice Λ* (basis a*, b*, c*) + - -. modulation (q. A) 
, ^ ^ . ( lattice - phonons 
elementary excitations of / r , . , J
 J , , ιamplitudons 
* modulation —ι . 
phasons 
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- no ordinary space group symmetry 
- (possible) appearance of solitons 
- commensurate phase at low temperature . 
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1.5 Rb2ZnBr4 
RhuZnBr іь used as a model structure to study the properties of in­
commensurate crystals throughout this thesis. Here we will give a short 
survey of its structure and symmetry properties as determined with neutron 
diffraction experiments by C.J. de Pater and with X-ray diffraction expen-
2 
ments by G. de Jager . 
Rb^ZnBr. is one of the many compounds with A-BX. stochiometry, among 
which a whole series of dispiacively modulated ionic crystals are found. It 
belongs to the so called |3-K?S0. structure family, characterized by having 
isolated BX . groups of which the internal bonds are much stronger than 
the binding to the Α-ions. Other well known examples of this type are 
3 4 5 
K2SeO , Rb2ZnCl and (NH ) 2 BeF . 
These crystals have in common that below a certain transition tempera­
ture their structure becomes periodically distorted with a wavelength which 
does not fit on the underlying lattice periodicity obtained by disregarding 
that modulation. Below this so-called inconmensurate phase mostly a commen­
surate phase follows, where the modulation wavelength and lattice constant 
are m a simple ratio, giving rise to a superstructure. 
Below its melting point at 743 K, Rb^ZnBr. has an orthorhombic struc­
ture with space group Pcmn. There are four molecules per unit cell and the 
lattice constants (at 373 K) are a=13.386, b=7.679 and c=9.753 Я. Figure 1 
shows the structure projected along the three principle axes. The c-axis 
is pseudo hexagonal as is also indicated by the approximated unit cell in 
Fig. 1: along this axis one can distinguish chains of Rb-ions at the 
6-fold and chains of alternating Rb-ions and ZnBr. tetrahedra at the 3-fold 
axis. These two kinds of Rb-ions are often denoted as Rb(l) and Rb(2), res­
pectively. At ζ = 0 and z-j, the Rb-ions are pulled from their hexago­
nal positions by the tops of the tetrahedra, destroying this approximated 
syrmietry. For many purposes it appears to be convenient to use this hexago­
nal approximation with spacegroup Ρ6 /mem for a first qualitative under­
standing e.g. of Raman and far-infrared spectra or of the shape of single 
crystals which often grow like the unit prism as shown in Fig. 2. 
Below Τ = 355 К the lattice is deformed by an incoimensurate dis­
placement wave which is characterized by a wavevector q = (1-6) c*/3 - 0.3c 
and a polarization along the b-direction. Here 6 << 1 denotes the relative 
deviation from the nearby conmensúrate wavevector c*/3. This periodic dis-
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Rb2ZnBi^ Pcmn 
L 
о y σ-^ ΤΌ 
с б о э 
-JO .'Ц cu 
O Rb 
O Zn 
O Br 
1 Structure of RbpZnBr. in the normal phase (Pom) projected 
along the three principle axes. In the projection along the 
c-axis, the approximate hexagonal cell is drawn. 
2 Picture of single crystal of RtuZnBr. viewed along the c-axis, 
showing a nice hexagonal form, circumscribed by 110 faces. 
Fig. 3 X-ray diffraction pattern of Rb-ZnEr. showing first order satel­
lite reflections along the c*-axis; the modulation wave vector 
q » 0.3c*. 
tortion is mainly caused by large rotations of the tetrahedra around the 
a- and c-axes: at room temperature displacements of Br show values of up to 
0.5 8, large compared with those of Rb (0.2 A) and Zn(0.1 A) . Due to the 
coupling with the tetrahedra, the displacement of Rb{2) is larger than of 
Rb(l). The occurrence of these dispiacive modulation waves manifests itself 
by the appearance of satellite reflections in addition to the main reflec­
tions in the X-ray diffraction pattern (see Fig. 3). The latter define a 
basic structure from which, by adding the modulation, one gets the actual 
crystal. This basic structure should not be confused with the average 
structure obtained by taking the average over the shifted positions. In 
many cases however, both coincide. This average structure is presumably 
P o m (and in that case the average structure would be essentially the 
same above and below the transition temperature) though it also might be 
Pc2 η (which appears to be the space group of the commensurate low tem­
perature phase). 
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As has been shown by de Wolff and Janner and Janssen the symmetry 
group of the I-phase is a 4-dimensional superspace group. For Rb^ZnBr . this 
would be Ρ γ or Ρ yly depending on the fact if the basic space group is 
Perm or Pc2,n. Below Τ = 200 К the modulation becomes commensurate with 
1 с 
space group Pc2 n, and twelve molecules per unit cell. According to do 
1 0 
Pater et al the transition to this phase occurs by a discontinuous jump 
of the modulation wave vector to the commensurate value c*/3 ("lock-in"), 
whereas Cesi et al report a linear increase of q to this value, near Τ . 
This C-phase is ferroelectric though with a very small spontaneous polariza­
tion . Here it should also be noted that the exact temperature of the lock-in 
transition differs for different authors. These discrepancies are probably 
due to the presence of defects: most of the crystals are grown at room tem­
perature, i.e.in the middle of the I-phase and this might be the cause of a 
lot of structural defects. In table I a survey of the structural properties 
of Rb^ZnDr. is given. 
Table I: Survey of structure properties of Rb?ZnBr.. 
Phase Normal 
(N-phase) 
Incommensurate 
(I-phase) 
Commensurate 
(C-phase) 
c h a r a c t e r 
S y i m e t r y 
l a t t i c e p a r a ­
m e t e r s (A) 
a 
b 
с 
m o d u l a t i o n q 
p o l a r i z a t i o n 
I T T =353 Τ =200 
I с 
u n d i s t o r t e d 
t r u e a p p r o x . 
Pcmn P6Vmcm 
( a t 373K) 
13 .386 7 .716 
7 .679 7.716 
9 . 7 5 3 9 . 7 5 3 
-
-
d i s p l a c i v e l y 
m o d u l a t e d 
Pcmn 
F
 s s l 
( a t 300 K) 
1 3 . 3 3 0 
7.656 
9 .707 
^ 0 . 3 c * 
/ / b 
s u p e r s t r u c t u r e 
Pc2 η 
( a t 4.2K) 
1 3 . 1 4 0 
7 .595 
9 . 6 0 1 
1/3 с 
/ / b 
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2 The morphology of incommensurate crystals 
In this chapter we will start the experimental research on the most 
macroscopic level with a -study of the outside of incommensurate single 
crystals. The morphology or the science of the form tries to give a quanti-
tative description of the form of single crystals as found in nature or pre-
pared in the laboratory. It appears that the shape of single crystals reveals 
on a macroscopic scale the microscopic structure and the symmetry of crystal-
line material. In section 2.1 an introduction is given to the classical mor-
phological laws and their generalization to the superspace description. In 
section 2.2 the first direct evidence of this superspace morphology is presen-
ted in a study of single crystals of the incommensurate structures RfcuZnBr. 
and RtuZnCl.. More experimental results are reported in section 2.3. 
Í1 
2.1 Introduction 
2.1.1 The morphology of ordinary crystals 
Since ages, the regularly shaped faces of natural found minerals have 
attracted the interest. The oldest attempt to understand the shape of 
crystals is perhaps that of Kepler in 1611 with a dissertation about the 
six-cornered snowflake . In 1669 Stensen formulated the first law on crys­
tal forms saying that the faces circumscribing a crystal form characteris­
tic and fixed angles with each other. In 1783, still only based on the ob­
servations of the external forms, Hauy formulated the "Law of Rational In­
dices" which forms the basis of all following crystallographical and mor-
p 
phological theories . This law says the following: take as axes any three 
edges of a crystal which do not lie in a plane and define the intercepts 
of a chosen crystal face as unit lengths; then all the other faces have 
rational indices with respect to this unit face. The underlying microscopic 
regularity of crystalline matters was long hypothesized and received direct 
experimental confirmation in 1912 with von Laue's discovery of X-ray dif­
fraction by crystals . A crystal appeared to be build up by a periodic and 
space filling repetition of a unit pattern of finite volume and this implies 
the existence of a lattice Λ of syrmetry translations, so that all points 
are equivalent which have position vectors r of the form: 
r = r + n.a. + η03τ + n-,a„ . (1) 
о 11 ¿ ¿ s i 
Here r denotes the position within the unit volume (unit cell), the a are 
о ^ ' ι 
three linearly independent vectors and the η 's are whole numbers. In par­
ticular considering the atoms as points,which is true on a macroscopic level, 
a crystal face is a lattice net plane 
In 1850 Bravais introduced the concept of a reciprocal lattice Λ* 
formed by a set of basis vectors a* which are reciprocal to those of Eq. (1): 
a*.a = 2π 6 . (2) 
ι 3 ID 
The meaning of the vectors of Λ* is that of being the normals of a set of 
parallel lattice planes which can thus be characterized by the components 
of these vectors. Accordingly, Bravais formulated a dual expression of 
the Law of Rational Indices: 
32 
a crystal face with indices (h,k,l) can be characterized by a 
normal vector к € Л*, with 
к = ha* + ka2* + la3* . 
The interplanar distance d of any of these sets of planes is qiven by 
d = ^ - . (4) 
Ikl 
Dy studying crystal forms it appeared that not only the faces could be 
indexed by rational mmbers but that normally only small number occurred: in 
practically all cases, the indices of Eq.(3) were smaller than 4. A correla­
tion between the probability of occurrence P. . , (Persistence or Morpholoqical 
Importance) and interplanar spacing was formulated by Fnedel and is known 
as the Bravais-Friedel law: 
^ k l ^ ' k ' l ' — Phkl > Ph'k'l' ( 5 ) 
The meaning of Eq. (5) is that the larger the interplanar spacing of 
the set of lattice planes characterized by (h,k,l), the larger the probabi­
lity that such a plane will appear as an external face of the crystal. This 
is related to the following: the smaller d, the larger the distance of atoms 
within one plane and the smaller the distance of atoms between successive 
planes. Consequently the binding within one plane will be weaker whereas 
that between the planes will be stronger, favouring a crystallization in the 
direction perpendicular to these planes. From this one can easily conclude 
that the final shape of a crystal will be determined by the slowestlv growing 
faces, which are again those with largest d value. 
An extension of the Bravais-Friedel law was given by Donnay and 
Marker , who took into account the space group symmetry, in particular the 
consequences of the presence of glide planes and screw axes. These latter 
symmetries give a relation between lattice net planes and interjacent planes 
(lying at non-integer but rational positions: 1/2, 1/3, 1/4 or 1/6). In that 
way the effective distance d , is reduced, and consequently also the 
probability P. . , . The presence of these symmetries are expressed in the 
systematic extinction rules for X-ray or neutron scattering, as can be found 
7 
m the International Tables . The Donnay-Harker law is accordingly formulated 
33 
к = (h,k,l) forbidden *• Ρ ,
 п
 = 0 . (6) 
hkl 
So far all these morphological laws are purely geometrical. A more physical 
approach involves the considering of surface energies. Then one must take 
into account the bonds within a face and between the faces. One way of doing 
о 
this is the Periodic Bond Chain (PBC) analysis in which one looks for unin­
terrupted chains of strong bonds between the building units (atoms or groups 
of atoms) of a crystal. For a face h,k,l, the number of PBC's within a slice 
thickness d. , . is a criterium for the stability of that face. One distin­
guishes three categories of faces, flat (F), stepped (S) and kinked (K): 
F : containing two or more PBC's 
S : containing one PBC 
К : containing no PBC 
According to this analysis, the F faces are the most stable faces and con-
seguently they will be the morphologically most import faces. 
2.1.2 Morphology of incommensurate crystals 
All the existing classical morphological theories are in fact based on 
the existence of lattice symmetry. The discovery of incommensurate modulated 
crystals, which do not show lattice periodicity in three dimensions but which 
without doubt should be considered as crystals, poses the guestion to what 
extent morphological theories have to be revised. As has been shown by de 
Wolff and Janner and Janssen , the k-vectors of such a crystal can be em­
bedded in a reciprocal 1attice F* in more than three dimensions, through 
which the Law of Rational Indices is recovered again. One embeds an incom­
mensurate crystal as a supercrystal with lattice periodicity Σ reciprocal to 
Σ*. By definition, the symmetry group of the crystal is that of the corres­
ponding supercrystal, which is a 3+d dimensional (super)space group. Based 
on these concepts, a generalization of the classical laws for crystal forms 
can be given as follows : 
1. Crystal faces are the real space intersection of (2+d)-dimensional hy­
perplanes through Σ-lattice points. Accordingly, a crystal face is per­
pendicular to a 3-dimensional к e ΠΣ*, labelled by (3+d) integers (its 
indices), where к is in fact a Fourier wave vector of the crystal den­
sity distribution (П gives projection on real space). 
3^  
2. The morphological inportance Ρ- of a face is related to the lenqth 
of к (Note that the length ot the (3+d) dimensional vector is not 
uniquely determined so far). 
3. If к and k' are related by superspace symmetry, then Pz' = p-, . 
к κ 
If к is forbidden by superspace symmelry , then Pr; = 0. 
Point 1 gives a generalization of the Law ot Rational Indices and 2 and 
3 are generalizations of the Bravais-Friedel and Donna\-Harker laws respec­
tively. The implications ot these generalizations can easily bo understood. 
The vectors of the (3+d)-dimensional reciprocal lattice Σ* are indexed with 
3+d integer s :h,k,l .m. ,. .m,. The corresponding projection ¡17*, which is 
directly measured in a X-ray or neutron diffraction experiment, can be 
labelled with the same indices. In such diffraction pattern we distinguish 
two kinds of points: 
1) main reflections : m = 0 
2) satellite reflections : m ^ 0 -
Consequently we ma^ expect two kinds of faces on the outside of incomon-
surate single crystals: 
1) main faces, corresponding to main reflections 
2) satellite fас es,corresponding to satellite reflections. 
In chapter 2.2 the first indications of the validity of these genera­
lizations is shown in a morphological itudy of single cr\stals of Rb-ZnBr. 
11 
and Rb.ZnCl.. Λ further support is given by a recent PDC analysis , showing 
that the so called satellite faces as found on Rb-ZnBr and Rb .ZnCl . are 
not F-faces in the classical sense. However, as th(se morphological Іаиъ 
are statistical ones, many more experimental data are required. A first ex­
tension of this purely geometrical approach is given in section 2.3. 
Note that the occasional appearance of very large indices for the 
description of observed crystal faces, mostly described as an artifact, 
might as well be an indication that in fact one was dealing with an incom-
mensúrate crystal. 
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2 .2 Identification of Satellite Faces on Single Crystals of the 'ncommensurate 
Structures Rb2ZnBr4 and RbjZnC^ 
A. Janner, Th. Rasing, P. Bennema, and W. H. v.d. Linden 
Facitit\ of Science. Catholic Unii ersi 14 of Nijmegen. Toerxooiveld, 6^2^ ED Nijmegen, The Netherlands 
(Received 25 September 1980) 
The modulation of incommensurate structures appears to have macroscopic conse-
quences* On modulated single crystals satellite surfaces have been observed which can 
be interpreted by extending the classical morphological theory by including superspace 
group symmetry 
PACS numbers 61 50 Jr 
The morphology oí single crystals reveals on 
a macroscopic scale the microscopic structure 
of crystalline matter and its space group sym-
metry. Lattice translational symmetry, in par-
ticular, plays a fundamental role in all existing 
theories on crystal forms. The discovery of in-
commensurate modulated crystals brings to ques-
tion whether this modulation (which on the atomic 
scale breaks lattice periodicity) also has macro-
scopic consequences, and to what extent morpho-
logical theories have to be revised. 
In this paper we show that superspace groups 
(introduced to describe the microscopic sym-
metry of incommensurate crystal structures) 
allow a natural generalization of existing geo-
metrical theories on crystal forms, which pre-
dicts new morphological features. Preliminary 
experimental results on Rb2ZnBr4 and Rb2ZnCl4 
appear to be consistent with these predictions. 
The incommensurate phases of Rb2ZnBr4 and 
oí Rb2ZnCl4 are, as in FCjSeO,, characterized by 
a basic structure with space group Pcmn and a 
dispiaci ve modulation with wave vector q = yc* 
= (0, 0, 5 - β) =<0.3c* which is incommensurate 
with the orthorhombic basic lattice Λ*.1 The 
superspace symmetry group of K2Se04 has been 
determined2 as G5 = >>„;-
 p
'
:m
" which in the com­
plete list of (3+ l)-dimensional superspace 
groups3 appears as 62c.9.2. This same super-
space group is also consistent with experimental 
investigations on RbjZnBr^4 and R^ZnCl, 5 and so 
it has been adopted here for both cases. 
The morphology of single crystals is classical­
ly predicted by the Bravais-Friedel-Donnay-
Harker (BFDH) law.6 According to this law, the 
crystallographic faces of the form {hkl} belong­
ing to the smallest vectors in reciprocal space 
have the highest morphological importance (MI) 
or МІ{Ш}>МІ{/Г*'/ '} if {(hl*+kb*+lc*)\ 
< | ( Α ' ΐ · + * ' ί * + ί 4 * ) | . The MI {hkl) is defined 
as a measure for the frequency of occurrence of 
the faces of {hkl} and their relative surface 
area.
1
 The DH generalization of the original BF 
law takes the extinction conditions of the space 
group into account. 
In order to describe the morphology of incom­
mensurate crystals, we generalize the BFDH 
law to superspace and superspace group sym­
metry. The proposed generalization implies that 
crystal faces are oriented perpendicularly to 
Fourier wave vectors Q giving sharp diffraction 
spots and that those faces which get a low | Q | 
value by incorporating the superspace group sym­
metry have a high MI. 
In the examples considered here, with a one-
dimensional displacive modulation, these Q's re­
quire not three but four basic vectors in recipro­
cal space Q = Aa* +kb* + ic* +mq = (h, k, I, m) with 
h, k, I, and m integers called superspace in­
dices. 8 For m = 0 one gets the main reflections 
belonging to the basic structure, the other r e ­
flections are the satellites. For the morphology 
of incommensurate crystals it is therefore con­
venient to distinguish accordingly between basic 
and satellite faces. The conditions limiting possi­
ble reflections of the superspace group Р „ , - Я с т п 
are given in Table I (compare Table III of Ref. 3). 
Note that by putting m = 0 one recovers the cor­
responding selection rules for the basic space 
group Pcmn. 
TABLE I Conditions limiting possible reflections 
for the superspace group P
si •J'
c
"'" . iThere are no 
conditions for all other terms, the general one being 
Qi,k,l,m) = hì* + *b· +ic* + mq, with a', b*, c* 
orthorhombic and q = γο* incommensurate For the 
subgroup Р
а
ту
Рсг
^ the last condition drops out.I 
A000, h = 2л 
0*00, k= 2п 
OOlm, I - 2л 
A*0(l, A + * = 2и 
OtliH, / + m - 2n 
hOÎm, m = 2л 
3/ 
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In order to check the relevance of the genera­
lized BFDH law given above we have studied the 
faces on single crystals of Rb2ZnBr4 and Rb2ZnCl4 
with the help of an optical goniometer and indexed 
the observed faces by using the cell parameters 
a = 13.33, 6 = 7.656, and c = 9.707 A and ? = 0.3c* 
of Rb2ZnBTi'
1
 and by assuming proportionality for 
the corresponding ones of Rb2ZnCl4. The crys­
tals were grown by slow evaporation from aqueous 
solution at ±30 "C. 
In Table II the comparison between the observed 
TABLE Π. Crystal faces observed and identified 
according to superspace group selection rules valid 
for P
s
 -[jPc ? i n . The angles ρ and φ are measured from 
the c* and the a* axis, respectively. The vector length 
|Q| is calculated using the parameters of Rb2ZnBTt. 
Type В means basic face; typeS, satellite face. 
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crystal faces and their identification in accord­
ance with the superspace group are given in the 
order of preference according to the generalized 
BFDH law. It can be seen that in addition to the 
basic faces [liklO) corresponding to the basic 
space-group symmetry, satellite faces are ob­
served on all the investigated crystals In Fig. 1 
photographs are shown of two examples of such 
satellite faces. Those observed on Rb2ZnBr4 
are much larger in size than on Rb2ZnCl4, which 
can simply be understood by regarding the growth 
conditions of the particular crystals: 30 "C is 
just around the transition point of Rb2ZnCl4 while 
it is 50° below the transition point of RbjZnBr,, 
with consequently a much stronger manifestation 
of the modulation, 
Inspection of the satellite faces observed in 
Rb2ZnCl4 shows that a better interpretation can 
be obtained if the condition hOlm, m = 2«, is 
omitted. This supports the alternative super-
space group G
s
'= Ρ 5 f f^
2
'" (equivalent with 
33c.9.1 of Ref. 3), which shares with Р
м
т
Р
"°" all 
other conditions. The satellite faces of Rb2ZnBr4 
are compatible with both superspace groups. It 
is interesting to note that Pc2in (the basic space 
group of G
s
 ') is also the symmetry group of the 
low-temperature commensurate phase (the lock-
in phase) for both compounds, while structure re­
finements indicate that it might also be the av­
erage space group of the incommensurate phase.'·9 
(One gets the average structure by neglecting 
satellite reflections, whereas in the basic struc­
ture one disregards modulation. Often, but not 
FIG. 1, Photographic images of incommensurate 
single crystals, (atRboZnBr,, (b) R^ZnCl,,, sample 
I, In the schematic drawing corresponding with each 
photograph, the (3 + l)-dlmensional indices are used; 
those of the satellite faces are underlined. 
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always, average and basic space groups toincide.) 
In principle one can try to refer Q vectors of 
satellite faces to the basic structure and try to 
find rational indices hkl fitting within the experi-
mental accuracy. However, then only fairly 
large integers are consistent with the underlying 
incommensurability, making the law of rational 
indices questionable. Furthermore, according to 
the BFDH law, these faces get a low MI because 
of the large |Q| values involved Experimental 
observations reported here, even limited so far 
to a small number of samples, show that this is 
definitely not the case. Instead one finds a global 
agreement with the generalized BFDH law, which 
implies that small superspace indices are the 
morphological important ones Thib coniirms to 
a high extent the relevance of a suitably general 
ized law of rational indices, i.e , the validity of 
the classical laws of crystallography for incom-
mensurate crystals as well, if one properly ex-
tends the dimension of the space used for the 
description.8 Consider, for example, RbjZnBr.,, 
with the observed basic forms {200}, {110}, 
{002}, {310}, and {020}. The smallest |Q| value 
involved here is |(2, 0, 0) | - 0.15, the largest is 
[(0,2,0)1 = 0.264. In addition to these faces there 
is a very well developed face which if considered 
as a basic face gets indices (331) oi higher 
and accordingly | Q | * |(3, 3, 1)| 0.467 Consider-
ing it as a satellite face (as first done by de Wolff 
and collaborators10) it gets four indices (1101) 
with a much shorter length of the corresponding 
reciprocal vector | (1, 1, 0, 1) [ = 0 155 This is in 
excellent agreement with the high MI of this face. 
Other examples can easily be reconstructed from 
the experimental data presented in Table II A 
small but systematic deviation of the satellites of 
Rb2ZnCl4 might indicate the presence of an addi-
tional component of the modulation wave vector of 
about 0.1a*. Such a component is not compatible 
with an orthorhombic (3 + 1) dimensional super-
space group and requires either a monoclimc dis-
tortion or a (3 + 2) dimensional superspace. Both 
possibilities have been disregarded in the present 
analysis. Here we also omit discussion of other 
striking morphological observations (bend faces, 
growth bands, etc.) fitting, in principle at least, 
with theoretical expectations for incommensurate 
structures but which are not yet properly inter-
preted. 
In conclusion, the satellite faces identified on 
single crystals with clearly recognized incom-
mensurate displacive modulation means that this 
modulation manife4ts itself on a macroscopic 
scale. We have shown that the superspace group 
approach gives a very useful frame of reference 
for the interpretation of the morphological data. 
For a strict check of the proposed generalized 
BFDH law, a much larger number of crystals 
need to be measured which will be done in the 
near future In addition we will try to give a phy-
sical interpretation of the generalized BFDH law 
by studying the bond structure of slices by using 
the Hartman-Perdok theory" as a tool and by 
introducing modulation in crystal growth models. 
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2.3 On the morphology of single crystals of the incommensurate structures 
Rb2ZnBr4 and Rb2ZnCl4 
Abstract: 
Morphological studies of single crystals of Rb^ZnBr and Rb^ZnCl. show 
that the incommensurate modulation also effects the normal (main) faces in 
addition to the appearance of the new (satellite) faces. The latter are al-
so observed in crystals grown about ten degrees above the incommensurate 
phase transition. 
The discovery of incommensurate modulated crystals, having no 3-dimen-
sional lattice periodicity, and the recovery of this symmetry in a higher 
1 2 (3+d)-dimensional superspace ' , poses the question how this modulation and 
this higher dimensionality will be manifested on a macroscopic scale. In the 
same way as for ordinary crystals, the shape of single incommensurate crys-
tals should reveal its underlying microscopic structure and symmetry. Recënt-
40 
ly, we have reported the observation of satellite faces on incommensurate 
3 
single crystals . This could be interpreted by extending the classical mor­
phological theory by including superspace group symmetry. However, as these 
morphological laws are statistical ones, many more experimental data are 
reguired. 
Therefore, we have extended our previously reported measurements by an 
investigation of a fairly large number of incommensurate single crystals. 
Crystals have been grown above, just around and below the transition tempe­
rature Τ between the normal (N-) and incommensurate (I-) phase. This gave 
the following results: satellite faces have been observed in all these three 
cases; the distribution of the main faces is different in the N- and in the 
I-phase; the point (group syimietry of Rb^ZnBr . and Rb„ZnCl. is nmm in the bi­
as well as in the I- phase and finally there are some faces which can neither 
be indexed as a main nor as a satellite face. A simple model is presented 
to incorporate the effect of the modulation on the m a m faces, as one gets 
disregarding this modulation. 
Single crystals of Rb7ZnBr and Rb?ZnCl were grown by slow evaporation 
from aqueous solution. The Rb^ZnBr. crystals have been grown at 30 C, those 
of Rb?ZnCl at 22, 30 and 40
OC. The transition temperature Τ is 820C for 
Rb?ZnBr and 29
0C for Rb^ZnCl respectively. Therefore, Rb^ZnCl. crystals 
could be grown in the N- as well as in the I- phases. The crystal faces were 
studied with the help of an optical goniometer. The observed faces were in­
dexed by using the cell parameters a=13.33 A, b=7.656 A and c=9.707 A for 
Rb2ZnBr , and a=12.730 8, b=7.282 8 and c=9.267 S for Rb2ZnCl.
7
. 
The I-phase of Rb^ZnBr and Rb^ZnCl. is characterized by a drsplacive 
modulation wave, with a wave vector q =γ с* = 0.3 с* and a polarization along 
the b-axis. The Fourier wave vectors of the corresponding diffraction pat­
terns require 4 basic vectors in reciprocal space: к = ha* + kb* + 1c* + mq= 
(h,k,l,m). For m=0 one gets the main reflections belonging to the basic 
1 2 
structure; the other reflections are the satellites ' . 
The morphology of these crystals appears to be very rich: a large number 
of different faces have been observed and the shape of the crystals varies 
for different crystallization runs. First we will discuss the results in 
the N-phase, and then those of the I-phase. 
¿Л 
1. The normal phase 
The large number of observed faces is in agreement with a recent 
DPDC (direct) periodic bond chain analysis of the isomorphic structure 
Q 
K-SO., which showed an extraordinary large number of F-faces . In table I 
the DPBC analysis of K ?SO. is compared with the experimental results of 
Rb9ZnCl . in the normal phase. It appears that the number of DPBC pairs is 
an excellent criterium for the probability of occurrence of a face: the most 
frequently observed faces are 7 of the 8 faces with the highest number of 
DPBC pairs; only (102) is missinq in Lhat respect. 
Based on the observed faces, the point group syrrmetry of the normal 
phase is mmm, in agreement with the high temperature space group Pcmn. 
Table I DPBC analysis of F-faces of K^SO, applied on Rb?ZnCl» 
orientation | k| number of frequency of observed 
DPBC pairs faces in N-phase Rb^ZnCl 
ini 
200 
110 
201 
111 
002 
102 
211 
012 
112 
310 
020 
311 
212 
121 
411 
113 
213 
0.127 
0.150 
0.151 
0.182 
0.182 
0.206 
0.219 
0.224 
0.244 
0.255 
0.260 
0.261 
0.280 
0.286 
0.291 
0.343 
0.344 
0.368 
1280 
320 
602 
978 
558 
348 
400 
116 
78 
120 
228 
192 
4 
32 
40 
4 
14 
4 
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In addition to the main faces, face.s have been observed which bhould 
be indexed as satellite faces, though these crystals are grown in the N-
phase (note: all the crystals are studied at room temperature i.e. at +¿2 C). 
A possible explanation is that the soft mode which drives the phase transi-
Lion, already influences the crystal growth, although this mode is not yet 
a static deformation. An alternative explanation is that the crystal growth 
process is dominated by the interface between bulk and solution, and for 
such a surface another transition temperature Ti has to be considered than 
for the bulk. 
2. The incommensurate phase 
In order to describe the morphology of incommensurate crystals, we have 
generalized the classical Bravais-Friedel-Donnay-Harker (BFDH) law to super-
space and superspace group symmetry . The generalization implies that crys-
tal faces are oriented perpendicularly to the Fourier wave vectors к giving 
sharp diffraction spots and that those faces which get a small |k| value by 
incorporating the superspace group symmetry have a high morphological im­
portance . 
In table II, the observed faces of Rb^ZnBr. and Rb„ZnCl. are identifi-
cated in accordance with the superspace group in the order of preference 
according to the generalized BFDH law. Inspection of table II show.s that: 
1) in addition to the basic faces (hkl), satellite faces are observed 
on many crystals (S faces) 
2) some of the observed main faces are not F-faces (NF-faces) 
3) a group of faces has been observed which can neither be indexed as 
main nor as satellite faces. 
These results indicate that the pure geometrical approach of reference 
3 needs a more physical refinement. This is also supported by the very in­
teresting results plotted in Fig. 1, where a statistical analysis of the ob­
served faces is given in the form of histograms. If for the moment we con­
sider Rb_,ZnBr. and RbpZnCl. as the same structures. Fig. 1 gives a picture 
of a temperature evolution from the normal to far into the incommensurate 
phase. From this we see that the distribution of the faces changes with de­
creasing temperature: In the normal phase, the observed faces are in perfect 
agreement with the DPBC analysis. In going into the incoimensurate phase 
two main things happen: 
3^ 
I I : Observed and identified faces on single crystals of FtuZnBr. and 
Rb?ZnCl4 (denoted by Br and CI in the table) . The type assign­
ment means: F: F-face, NT: not a F-face, S: s a t e l l i t e face. 
a, 3 and γ are the angles with respect to the a, b and с axis 
respectively of the non-identified faces. 
orientation \t\ crystal type of the face 
101 
200 
110 
noi 
n i l 
201 
111 
002 
0112 
1112 
211 
112 
2112 
310 
020 
212Ϊ 
120 
1122 
3112 
221 
103 
022 
1031 
123 
132 
α 
0.127 
0.150 
0.151 
0.154 
0.167 
0.182 
0.182 
0.206 
0.210 
0.223 
0.244 
0.255 
0.258 
0.260 
0.261 
0.265 
0.272 
0.307 
0.30Θ 
0.318 
0.31Θ 
0.332 
0.348 
0.402 
0.449 
Ρ 
Br, 
Br, 
Br, 
Br, 
Br, 
Br, 
Br 
Br 
Br, 
Br 
Br, 
Br, 
Br 
Br 
ci 
Cl 
Cl 
Cl 
ci 
Cl 
Cl 
cl 
cl 
Cl 
Cl 
Cl 
Cl 
Cl 
Cl 
Cl 
ci 
cl 
Cl 
Cl 
Y 
F 
F 
F 
s 
s 
F 
F 
F 
S 
S 
F 
F 
S 
F 
F 
S 
NF 
S 
S 
NF 
NF 
NF 
S 
NF 
NF 
46 44 66 
90 81 9 
45 84 46 
37 81 55 
38 74 57 
29 78 64 
35 79 58 
30 80 62 
28 81 64 
45 80 47 
1) the faces (101) and (201), that is the two most important ones ac­
cording to the DPBC analysis, appear much less frequently 
2) in the second group of observed F-faces, those around (310), the 
distribution also changes drastically: (112 and (020) become much 
more important in the I-phase (hardly present in the N-phase).where­
as the opposite happens with (310). 
The fact that the modulation will also influence the main faces can 
readily be understood. As a consequence of the transverse displacive modula­
tion, any crystal lattice plane not perpendicular to the wave vector q will 
exhibit a modulation. The wavelength of this modulation depends on the orien­
tation of the plane with respect to q; its amplitude depends on the compo­
nent Λ cose of the amplitude A in the plane. This modulation will affect 
the bondings within the plane, and consequently the surface energy of a 
face formed by that plane. These influences of the modulation on the main 
faces can be formulated in a semi quantitative way by introducing a pheno-
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menological parameter С. ., denoting the relative effect on the non-modu­
lated face (hkl) induced by the modulation. G . . will be proportional to 
A cos θ and inversely proportional to the induced wavelength λ in the 
plane. The stronger the bonds within a plane, the larger will be the pertur­
bing influence of the shifts of the atoms; this will be incorporated by as­
suming that С , is proportional to the number of DPBC pairs (Ν , ) of the 
normal structure. Together, this leads to the following expression: 
N, . . cos θ 
с
ъи =
 C J T i (D 
hkl o X h k l 
С is a constant of proportionality; it is assumed to be the same for all 
faces here. In table III, the values of C, , . relative to C
n
„» are given for 
' hkl 200 
the six most important F-faces of the high temperature phase of Rb^ZnBr.. 
The experimentally observed decrease of the morphological importance of 
(101) and (201) is in agreement with these high С , . values. Therefore, 
this parameter, at least in an approximative way, gives a measure of the 
influence of the modulation. However, this does not yet explain the other 
features observed. For that aim, a complete DPBC analysis will be necessary, 
which implicitly takes the modulation into account. Nevertheless, some of 
these features can be recognized as occurring in a kind of transition re­
gion between "forbidden" faces (by conflict between modulation and binding 
forces) and favoured ones (by compatibility between these same forces)-
Table III The perturbati ve parameter C h k l for the most important F-faces 
of 
(hkl) 
101 
201 
110 
111 
002 
200 
Rb2 ZnBr4 
N 
1280 
978 
602 
558 
348 
320 
cose 
1 
1 
i 
.42 
1 
1 
Xhkl 
/ 2 2 V a +c 
/,2 2 
V4a +c 
/ 2 ,2 V a +b 
/ 2 , 2 2 
V a +b +c 
Ш * 
2a 
Chkl / C200 
6.94 
2.87 
1.63 
1.07 
0 
1.00 
(200) is perpendicular to q, so all atoms are m phase and the surface 
will not be modulated, the interface bonds of course are. 
'.б 
Finally, a short remark about the point group bymmetry m the I-phase, 
9 10 
which has been subject to discussion ' . From our observations we find 
the point group symmetry пттт for Μχ,ΖηΒτ . as well as Rb^ZnCl.. However, 
considering individual single crystals only this is not always obvious, 
and may easily lead to wrong deductions. 
In conclusion, morphological investigations of a group of incommen­
surate crystals show the presence of several satellite faces and confirm 
the validity of the generalized BFDH law. The observed effects on the main 
faces indicate that this purely geometrical law needs physical refinements. 
As a first step we have introduced a modulation parameter C, . , measuring 
the perturbing influence of the modulation wave on the morphological impor­
tance of the main face (hkl). 
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3 The dielectric constant of incommensurate crystals 
Dielectric constant measurements ¿ire frequently used in the study of 
structural phase transitions in particular for ferroelectric materials. 
Here, this technique will be special]y employed to study the behaviour 
around the "lock-in" transition from the incommensurate to the (ferro-
electric) commensurate phase. 3.1 is an introductionary section about 
dielectric constant measurements in general (3.1.1), the theoretical as-
pects with respect to incoirmensurate systems (3.1.2) and the experimental 
details (3.1.3). In section 3.2 the main results are reported, giving evi-
dence for the appearance of solitons near the lock-in transition. Besides, 
additional phase transitions have been observed below that temperature. 
49 
3.1 Introduction 
3.1.1 Dielectric response and phase transitions 
To characterize a solid one often tries to measure its response to an 
external perturbation. The frequency dependent dielectric constant ε(ω) 
measures the response of a system to an oscillating external electric field. 
This response function will show resonances near those characteristic fre­
quencies (normal modes) of the system which involve an oscillating dipole 
moment. Normally this takes place in the far-mfrared region. However, from 
the Kramers-Kronig relations we learn that the static dielectric constant 
E(0) also contains information about the dynamical part: 
e(0) = ε(« 2_ j ε"^
1
 )du 
+ π
 0 ω' 
(1) 
here ε(») is the dielectric constant in the ]imit ω - » and ε"(ω) the 
imaginary part of ε(ω): ε = ε' - ι ε". Measurements of ε(0) as a function 
of temperature will thus provide us in a relatively simple way with infor­
mation about dynamical changes of the crystal, so far as these are related 
to infrared active modes. For example, the phase transition m a crystal 
from the paraelectric to a ferroelectric state will be reflected in a 
peak in c(0) which is the result of the softening of an optical mode i.e. 
a change in frequency of one of the resonances of ε(ω) . This can easily 
be understood from the relation 
ε(0) % 
2 
с
(ш) (2) 
to 
derived by Lyddane, Sachs and Teller for a harmonic oscillator like system 
(ω, is the longitudinal and ω the transversal mode). The softening 
2Іо ^ to 
(о " (T-T ) causes a singularity m iq. (2) (see Fig. 1). 
C(0) 
Fig. 1 Typical soft mode singularity 
of dielectric constant ε(0) at 
a paraelectnc - ferroelectric 
phase transition. 
For a theoretical description of phase transitions the low temperature 
phase IH normally characterized by an order parameter, equal to zero above 
Τ and temperature dependent below Τ . For a ferroelectric state the order 
parameter is the spontaneous polarization . 
3.1.2 Dielectric properties of incommensurate crystals 
The transition to an incommensurate (l-)phase at Τ = Τ in Rb^ZnBr. 
and isomorphic structures is accompanied by a mode softening at a qenoral 
point q inside the first Rrillouin zone". This soft mode is not optically 
4 
active so that there will be no dielectric divergence at Τ . 
In the "plane wave modulation" limit the incommensurate distortion is 
characterized by a single Fourier component 
u(z) = A cos {q ζ + φ ) φ = const. (3) 
being the frozen-in soft mode displacement (for a modulation with q along 
the z-direction). The excitation spectrum of this distortion contains two 
modes: the amplitudon branch A(k) and the phason branch ç(k) corresponding 
to oscillations of the amplitudo and phase respectively. Since a uniform 
change of φ throughout the system docs not cost energy, the к = q phason 
mode has zero energy and represents a Goldstone mode. Cooling down, the 
amplitude of the distortion increases and higher harmonics will start to 
play a role and the crystal tries to bu:Id up commensurate reqions. In 
this "soliton-limit" the I-phase can be best described as consisting of 
regions of nearly commensurate ordering separated by a regular array of 
domain walls or phase solitons at which the phase of the ordering evolves 
rapidly (see Fiq.2 ). This modulation can also be described by Eq.(3), 
however with A = const, and instead of φ one must introduce φ = φ (ζ). For 
5 0 
a single soliton one has 
v5 (z) = (4/3) tan - 1 exp Uz) (4) 
s 
where α measures the width of the soliton. The multisoliton lattice with 
an intersoliton spacing b » α is described by 
*(z) = (yMl + ^
s
 (z-lb) (1 = 1,2,3,..) (5) 
The transition to the low temperature commensurate phase then involves a 
continuous growth of the conmensúrate regions at the expense of the domain-
walls or solitons. From the Landau theory, Bruce and Cowley derive the 
following temperature dependence of b: 
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PLANE WAVE 
Fiq. 2: Space variation of the phase of the incoimiensurate modulation wave 
in the plane wave and boliton limit. The schematic picture of the 
crystal, consisting of commensurate (C) and incommensurate (I) 
regions corresponds to the latter case. 
b = b In (1 - Τ /Τ), 
о с 
(6) 
7 
However, by taking fluctuations into account, Natterman obtains 
b = b (1 - Τ / Τ ) - 7 . (7) 
о с 
From our experiments it will appear that the last expression seems to hold. 
In the C-phase, the modulation wavevector q becomes commensurate, in 
Rb,,ZnBr., q = 1/3 с . From symmetry arguments it follows that any quantity 
such as the polarization having a non-zero value in the C-phase will have a 
wave-vector К = 3(q - q ) .At Τ q goes to q and thus К goes to zero, 
leading to a uniform polarization of the crystal. In Rb^ZnBr. this polari­
zation can only arise from the coupling of the soft mode with polar modes 
because the former is optically inactive. The most important contribution 
to the dielectric constant therefore will originate from the coupling of 
A(K) and s5(K) Kodes with polar modes. Dvorak and Petzelt have shown that 
this coupling results in a polarization Ρ α η and that the oscillator 
4 
strength of both the amplitudon and phason modes are proportional to η . 
5? 
Here η is the order parameter and Ρ the {lolarization in the I-phase. For 
к = К both A(k) and ^(k) branches have a gap m their spectrum so that m 
fact we have four low frequency modes: A (k), A (k), φ (к) and <£ (к) with 
corresponding frequencies ω > ω > ω > ω,..If on approaching Τ the sinus­
oidal modulation will change into a domain like structure, then A and φ 
become the amplitudon and phason of the commensurate regions whereas A and 
φ represent oscillations of the domain walls. Decause the dispersion of 
2 - 2 - -
the phason modes is acoustic like: ω, (к) = а к , ω (Κ) goes to zero on ap­
proaching Τ as q goes to q . 
Therefore a divergence of the dielectric constant is expected at Τ due to 
the softening of this phason mode. Below Τ , φ changes into domain wall 
oscillations and disappears from the spectrum for a single domain crystal, 
resulting in a sharp drop of the dielectric constant. 
Summarizing, the transition to the incommensurate phase in modulated 
structures like Rb.ZnBr. is accompanied by the softening of a non-polar 
lattice mode, therefore not leading to an increase of the dielectric con­
stant on approaching the phase transition at Τ from above. In the I-phase 
the coupling of amplitudon and phason modes with polar modes will contri­
bute to the dielectric constant. The transition to the C-pha.se involves the 
creation of commensurate domains separated by phase .solitons; at Τ a peak 
in the dielectric constant will appear due to the softening of a phason mode. 
Below Τ the polarization will become a 
macroscopic polarization of the crystal. 
3.1.3 Experimental Details 
The static dielectric constant c(0) can be determined by measuring the 
capacitance of a capacitor made up of a slice of the dielectric material 
between two electrodes. With a slice thickness d and electrode area A 
the capacitance is given by 
ε(0)ε A 
C = ^ - (8) 
where ε is the dielectric constant of the vacuum. In measuring ε(0) as a 
frozen-in к = 0 mode resulting in a 
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function of Lemperature, variations in the sample thickness, due to thermal 
expansion or btructural phase transitions, have to be taken into account. 
In our experiments this was done by covennq one side of the sample with a 
thin film of silverpaste and attaching the other side to the guarded elec­
trode of <a guard-ring type capacitor in such a way that there remained an 
airgap between the conducting layer and the unguarded capacitor plate (see 
figure j). 
electrical 
connection 
. unguarded electrode 
^//////////////////м//////////ш^л 
ι. .r "4t' v.- ' -'n1. ντ-τ 
guardnng 
guarded electrode 
Pig. 3 Cross-section of capacitor used for the E(0) measurements. To 
measure the thickness variations of the sample the electrical 
connection at the left side is removed. 
The capacitor system obtained in this way can be regarded as two capacitors 
connected in series and was used in determining both the dielectric constant 
and the thickness variations of the sample. For a more detailed description 
of the data handling see reference 9. 
The capacitor system was connected with two rigid coaxial leads and 
surrounded by a copper pot (see figure 4). This insert was placed m the 
helium filled sample chamber of a Leybold-Heraeus K]ipping qas flow 
cryostat. The temperature was measured with a CLTS-2 linear temperature 
sensor connected to the lower side of the copper flange (figure 4, point 1). 
Its resistance was measured with a four-point method, using a current of 
•A 
100 μΑ. The capacitance was measured m a conventional way using a type 
1615A transformer ratio bridge of General Radio and a PAR 129A lock-in am­
plifier as null detector. An alternating electric field with an amplitude 
of about 15 V/cm and a measuring frequency of 1 kHz was used in all the 
experiments. 
Fig. 4 Capacitor system. 
1) Copper flange. 
2) Coaxial lead, with 
its cross-section shown 
on the left. 
3) Unguarded electrode. 
4) Guard electrode. 
5) Guarded electrode. 
6) Tufnol flange on which 
the capacitor plates 
are mounted. 
H terminal connected to transfor­
mer of the bridge 
L terminal connected to the detec­
tor 
all connector shields and ground 
points are connected to the guard 
point 
'У' 
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This effect can cc Leen even mure clearly i:'. 
Fi/i. 2 where the dielectric constant ε a^ mea­
sured with the field along the 2-axis ir, fle-tt-r-d 
аь a furiL'^ ion of temperature. Though Lhe change 
in E
a
 is only a few percenL of the change in 
¿L» one sees two maxima at TL. and T¿ particular-
ly clear in the heating run. Below T¿, two new 
peaks in ε^ are observed at 113 and 78 К res­
pectively . 
The data of Fie, la can be fitted very well 
by a Curie-Weiss law 
CD 
with E b = b.ö3, α = ¿02.6 К and a Curie-Weiss 
temperature of T' = 189-5 К for the heating run 
(see Fig. 3a) which has its maximum at Τ = 
199 К. Note that this Curie temperature T¿, 
which is smaller than T c, shows up as the second 
anomaly in Fig. la. Remarkably, a similar 
ott.-nnt '.c fit the data of i,'ig. lb to y. Uurie-
Weiüs law wa:; not succer.sfu] . 
From a theoretical point of view, Dvorak 
and Petz.cll1'' have doücribed the dielectric ano 
m al у Ъу 
ε. = с. + :ì ( 
и b 
1 
СО 
where denotej the oscillator strength, and 
he frequencies of the infrared activo íiK and ¡JK 
amplitudo:: and phasor: modes respectively, with 
wave vector К = c^-Sq^· The araplitudon mode 
softens near Τ• , but will or"1 у vary smoothly at 
Г . Therefore the effect on e, 
mined by the softening of the phason branch. 
mainly dcter-
Comparing Eq. (2) with Eq. (l), the temperature 
dependence of this softening is then given by 
= a(T - Τ') (3) 
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Fig ja The dielectric constant e, of the sample of Fig Id plotted ль 
a function of (T-T') 
с 
Τ' = ιθ9 5 К 
-1 
shoving a Curie-Weiss behaviour with 
The dielectric constant ε, of the sample of Fig lb plotted a& 
a function of (T-T J~ yielding ε 
Led from a boliton model 
аСГ-Т* )~ as prediL-
explains the variety of observed T
c
's as re­
ported in the literature 
The anomalies in the dielectric constant 
along the a-ajcis at 78 К and 113 К indicate 
additional phase transitions Hainan experiments 
done by irancke et al snoved a mode softening 
in the a(c c)b geometry I rom which a transition 
temperature of lbo + Ю К is extrapolated A 
comparison oí these results with the data from 
the measurements of the dielectric constants as 
shown in Fig 1 and >ig ¿ indicate that the 
actual transition point should be connected 
with the anomaly in e at 113 К In our previous 
far-infrared transmission experiments, we ob­
served a phase transition of apparently first 
order around Τ = 50 К, accompanied by a change 
in the optical activity in the а,о plane^ How­
ever, from Figs 1 and 2 one sees that no such 
indication can be found neither in ε^ nor in e 
But if the low temperature data of Fig 2 are 
plotted as a function of (TQ-T) - 1 (see Fig U)
 t 
again they can be fitted by a Curie-Weiss rela­
tion 
(8) 
with ε = 5 1 e , a = 1 3 7 1 K f o r 5 < T < ; 6 K , 
and with ε™ = 5 73, α = 5 I49 К for 56 < 1 < (OK, 
whereas for both cases T 0 = 77 8 К The transi­
tion point between the two fits appears as a 
small shoulder at 56 К in Fig 2 Therefore we 
are inclined to conclude that both temperdlures, 
Τ = 56 К and Τ = 78 К, are connected to the same 
phase transition This transition will then be 
accompanied by a soft mode, with critical tem­
perature T 0 = 78 K, whereas the actual tranbi-
tion takes place at 56 K, resulting in a change 
in the optical activity along the à-direction 
Summarizing, we have observed a Curie-Weiss 
like behaviour of the dielectric constant eb of 
Itt^ZnBr^ at the lock-in transition from the in-
commensurate to the commensurate рЬаье Besides, 
in a few samples, a smearing of the anomaly m 
ε^ was observed, which tentatively can be as­
cribed to the appearance of solitons, in agree-
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4 Far-infrared and Raman spectroscopy on incommensurate crystals 
The optical vibration spectrum of an incommensurate crystal is studied 
in this chapter. The question іь discussed if normal modes and phonons al­
so exist in systems without a lattice periodicity. Section 4.1 starts with 
a general introduction to the far-infrared (FIR) and Raman spectroscopy, 
and a discussion of the experimental aspects. Section 4.2 describes the 
usual case of FIR and Raman spectroscopy on normal crystals. In section 4.3 
lattice vibrations of an incommensurate crystal are discussed, and the as­
pects of optical spectroscopy on such a system. Although the FIR as well 
as the Raman spectrum are determined by selection rules, it will be shown 
in section 4.4 that effects of optically inactive modeb can also be studied: 
Due to the coupling of к = q to к = 0 modes, we could observe the inactive 
soft mode which drives the phase transition into the incoimiensurate phase. 
Section 4.5 gives some preliminary results of FIR measurements on RbpZnBr., 
as reported on the EMF-4 conference 1979; in this paper we show that there 
is an additional low temperature phase, which subsequently was also observed 
in isomorphic structures.The first direct experimental observation of super-
space selection rules is reported in section 4.6. Finally, section 4.7 con­
tains a detailed theoretical and experimental study of lattice vibrations 
in incomnenburate crystals, where Rb^ZnDr . is taken as a model structure. 
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4.1 Introduction 
4.1.1 Optical spectroscopy and phase transitions 
Far-infrared (FIR) and Raman spectroscopy are powerful techniques to 
study the dynamical properties of a system, in particular the changes which 
are related to phase transitions. When a FIR resonance takes place, the ener-
gy of an incoming photon is completely absorbed whereas with Raman scat-
tering absorption of energy only leads to relatively small shifts of the 
frequency of the scattered photons. Both techniques are limited to the k=0 
optical modes. Selection rules, determined by the symmetry properties of 
the system under study and the applied optical technique, will limit the 
transitions which are allowed. Therefore also, the occurrence of only cer-
tain resonances gives useful information about the structure and struc-
tural changes. 
The spectroscopical studies of structural phase transitions involve 
1 ,2 
mainly two aspects : 
1) soft modes 
2) changes in the selection rules. 
The transition to a ferroelectric phase is accompanied by a mode 
softening at k=0. Therefore, this soft mode can be observed in a Raman 
and/or FIR experiment depending on its symmetry. However, if a mode softens 
at the zone boundary (anti-ferroelectric case) or at a general point in-
side the Brillouin zone (incorraiensurate case) it cannot be observed direct-
ly in such experiments . 
The structure of the low temperature phase is determined by the soft 
mode eigenvector and the structure of the high temperature phase. From 
the knowledge of those two, one can calculate the change in selection 
rules and the expected changes in the spectrum. Vice versa, the observed 
changes in the spectra can help to deduce the low temperature structure. 
Often, the change in selection rules gives the most striking features: new 
peaks arise when forbidden modes of the high temperature phase become ac-
tive or resonances split up when the degeneracy of these modes is (partial-
ly) removed. A review about these "hard mode" effects is given by Petzelt 
and Dvorak . 
Spectroscopy on incommensurate systems is a very new field in the study 
of SPT which is quickly developing over the last five years . For the dis-
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placively modulated systems, the incommensurate (I-)phase is induced by a 
mode softening at a general point q inside the first Brillouin zone . This 
implies that this mode cannot be observed directly in a Raman or FIR spec-
trum. However, as will be shown in section 4.4 this can be measured indirect-
ly due to the coupling of k=0 and k=q modes. In the I-phase, two types of 
modes appear: amplitudon and phason modes, originating from fluctuations 
of the amplitude and of the phase of the modulation wave, respectively. The 
Raman amplitudon active mode behaves like a normal soft mode. The (zero 
frequency) phason mode represents a Goldstone mode. 
Due to the absence of translational syrmietry in at least one direction, 
the unit cell of an incommensurate crystal has infinite volume in the 3-dimen-
sional space and thus contains an infinite number of particles. Therefore, 
the usual simplifications to solve the equations of motion cannot be made. 
It has been shown by de Wolff , and Janner and Janssen that the symmetry of 
these systems involves space groups in more than three dimensions, the so-
called superspace groups. By incorporating the superspace translational 
symmetry m the normal mode solutions one can again study the lattice vibra-
tions of incommensurate crystals, using simple model crystals. 
Superspace symmetry will determine now which modes of the incommensurate 
crystals will be active in a FIR or Raman spectrum . Accordingly, at the 
tranbition to the inconmensurate phase, a change in the optical selection 
rules is to be expected, even if the average structure remains unchanged. 
These expectations are experimentally confirmed as is illustrated in sections 
4.6 and 4.7. 
4.1.2 Experimental details 
The FIR transmission experiments described in this chapter have been 
done in two ways: 
1) using a broadband source to measure the transmission as a function of 
frequency at fixed temperature 
2) using a microwave monochromator at fixed frequency while sweeping 
the temperature. 
For the first case the technique of Fourier transform spectroscopy (FTS) 
was used. The principle of FTS involves the recording of interference 
fringes formed by radiation which has propagated through an interferometer. 
In the interferometer, the radiation is splitted into two beams and recom-
6L 
F.I.R. MICHELSON INTERFEROMETER 
φ Collimator mirrors (g) 
@ Reference signal generator ® 
(З) Chopper motor © 
© Chopper © 
(5) Medium pressure mercury lamp ® 
( D Water-cooled lamp mount © 
φ Transmission f i l ter © 
© Black polyethylene window © 
Lightpipe (polished brass) 
Brass cone 
TPX Fresnel lens 
Vibrating mirror 
Beamsplitter (mylar film) 
Moving mirror 
Micrometer 
Stepping motor 
Fig. Far-infrared Michel son Interferometer 
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bined again, and the recorded interferogram is a function of the path 
difference. The spectral information is obtained by Fourier transforminq 
this interferogram with a computer. The complete FIR spectrometer is composed 
of the following parts: 
- broad band source of far-mfrared radiation 
- the interferometer, where the primary beam is splitted 
- a scanner-control unit to drive the interferometer and to digitize 
and store the interferogram signals. 
In the present experiments, a Grubb Parsons Michelson interferometer and 
a RIIC Lamellar interferometer have been used (sec Fig. 1 and 2). These 
systems have been modified and improved m our laboratory by dr. H.W.H.M. 
Jongbloets (for details see ref. 9). 
The primary 1ight source is a medium pressure mercury arc lamp which has 
-2 -1 "-1 
a power output of 5 mW cm sterad in the 10-300 cm frequency range. 
The radiation can be chopped by a mechanical chopper (amplitude modulation). 
In the Michelson interferometer the primary beam is splitted by a dielectric 
beamsplitter, a Mylar film of thickness between 6 and 100 um. The spectral 
range of interest dictates the thickness of the Mylar film. The two beams, 
reflected from and transmitted through the beamsplitter, are reflected at 
two plane mirrorь. One of these mirrors con be translated over 20 mm by a 
stepping motor driven micrometer to give a difference in the optical path 
length of these two beams. Except for the amplitude modulation menLioncd 
before, the radiation can alternatively be modulated using so called phase 
modulation. This is achieved by sinusoidal variation of the optical path 
difference by vibration of one of the plane mirrors. In a Lamellar inter­
ferometer, the light falls on a set of two mutually moveable gratings with 
grating constant 0.2 mm. One of the gratings is connected to a micrometer 
mechanism and can be translated, the other is fixed. Here amplitude modu­
lation is applied only. The scanner-control unit takes care of driving the 
stepping motor and recording the detector signals. The steplength is chosen 
appropriate to the high wavenumber cut-off of the spectrum; the smallest 
possible step is 5 цт. The analogue detector signal is digitized by a 
digital voltmeter and punched on paper tape and the data are processed 
with a PDP-12 or PDP-11 laboratory computer. 
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Fig. 2 Lamellar Interferometer. 
1 Medium pressure mercury lamp 
2 chopper 
3 Transfer Mirror 
4 Paraboloid reflector 
5 polypropylene lens 
6 light cone 
7 six position filter wheel 
8 lamellar grating assembly 
9 micrometer 
10 stepping motor 
The operation of an interferometer can be illustrated m the following 
simplified way. Two monochromatic coherent light beams of frequency ν which 
reach the detector with an optical path difference x, will give an inter­
ference pattern 
I (x) = 21 (cos (2itvx)+ 1) 
υ о 
(1) 
where I is the intensity of one beam. The signal from a broadband light 
source with frequency distribution S(v) is then obtained by integration: 
I(x) = 21 ƒ S(v) (cos(27ivx)+ l)dv (2) 
о 
If a sample with frequency dependent transmission T(v ) is placed in between 
the detector and the interferometer, one gets 
I (x) = 21 ƒ Τ M S(v)(cos (2πνχ)+ Ddv 
s о 
о 
(3) 
The actual interferogram Ι'(χ) is the χ dependent part of (2) and (3), ob­
tained by subtracting the constant part of the right hand sides, yielding 
and 
I'(x) = 21 ƒ S(v) cos(2nvx)dv 
о 
о 
(4) 
Ι'(χ) = 21 ƒ T(v)S(v)cos(2ïïvx)dv 
s о 
о 
(5) 
The spectral functions S(v) and T(v)S(v) are obtained by Fourier trans­
forming (4) and (5), and then T(v) is calculated simply by dividmq these 
two spectra. 
In the microwave monochromator, the radiation of a klystron is fed 
into a harmonic generator, consisting of a non-linear element built in a 
tuneable waveguide. 
The different harmonics generated are then separated by passing the radia­
tion through a grating monochromator. The non-linear element used here is 
a Boron doped Si crystal with a thin layer in which phosphorus has been 
diffused on one side and an electrolitically etched tungsten whisker pres­
sed to the other side. This system is biased near the steepest point of 
its I-V characteristic and at each different harmonic the output power is 
optimized by tuning the waveguides and optimizing the bias current. Using 
a set of three klystrons, the frequency region from 37 to 840 GHz can be 
spanned almost continuously, however with decreasing output power for in­
creasing frequency. A schematic drawing of the microwave monochromator 
is given in Fig. 3. The apparatus was built and developed in our labora­
tory 
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Ж 
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Fig . 3 Microwave monochromator 
69 
Because of the Low output power of the FIR systems, detectors with hiqh 
sensjtivity and low noise must be used. Therefore the FIR power is measured 
phase-sensitively with helium cooled Si or Ge bolometers. 
For the transmission experiments above room temperature, the samples 
were electrically heated in an evacuated furnace fitted with standard FIR 
light pipes. The temperature was measured with a Cu-constantan thermo­
couple. For the measurements between 5 and 300 K, the sample was located 
in the helium gas filled chamber of a gasflow cryostat. Fig. 4 gives a 
schematic diagram of the experimentell set up for the latter case. 
The exciting radiation for the Raman experiments was generated by an 
Ar laser at a wavelength of 514.5 nm. A retardation plate mounted in front 
of the laser allowed rotation of the outcoming vertical polarisation. The 
samples were placed in a variable temperature cryostat which allows sample 
temperatures between 5 and 700 К (Cryoson). Some extra precautions with 
respect to temperature control and measurement are necessary because of this 
big range in temperatures. Helow room temperature the thermometer is a 
Au 0.03% Fe-Cr thermocouple connected together with the heater at the end 
of the helium siphon. This whole part can then be removed for measurements 
at high temperatures, when a Pt-100 resistor and a different (built in) 
heater are used for temperature measurement and control. 
SAMPLE 
VARIABLE BOLOMETER 
TEMPERATURE AT 11 К 
CRYOSTAT 
TAPE-
PUNCH 
LOCK-IN 
Fig. 4 Schematic diagram of FIR transmission experiment. 
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The cryostat is placed on a x-y tran.slatiori table and the insert can 
be rotated around the vertical axis. The scattered light is focused on the 
entrance slit of the monochromator, in front of which a polarizer іь placed 
to select the required polarization. 
The monochromator is a double gratinq monochromator (SPEX 14018) with 
holographically constructed gratings. These have a much lower level of scat­
tered light (^  10%) than comparable ruled gratings. A further reduction of 
scattered light is achieved by the spatial filter attached to the face plate 
2 
of the monochromator. The outcoming light is focused on the 10 χ 1 mm 
cathode of a thermoelectncally cooled photomul tipi 1er tube, which is con­
nected via a (5 cm) coax cable to the ampiifier-discnminator. Tho latter 
is connected with its controle unit and a photon counter, and the analog 
output of the counter is plotted on a x-t recorder. Fig. 5 gives a schematic 
diagram of the Raman spectrometer. 
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ЗІ-
MONOCHROMATOR 
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COMPU DRIVE 
CONTROL UNIT 
COUNTER 
RECORDER 
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Fig . 5 Schematic diagram of Raman spectrometer 
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4.2 Far-infrared and Raman spectroscopy on normal crystals 
4.2.1 Lattice vibrations 
In a crystal consisting of N unit cells, each containing s particles, 
there are 3 sN independent vibration modes (normal modes) corresponding 
to the 3 sN degrees of freedom. These modes are characterized by wave vec­
tors k, which are vectors m reciprocal space lying in the first Brilloum 
zone. To obtain their frequencies one has to solve the equations of motion 
for the sN particles which have the form: 
m u (n,i) = - Σ Φ , ("Д) и .(η',ι') (la) 
ί α —, , αα n i α 
η' ,ι' 
and u(n,i) is7the displacement vector of atom ι in cell η with mass m 
λ V 
Φ , = - — with V the potential energy. The usual ansatz for solving 
a a' 
these equations are the plane wave solutions of the form 
""/"* ^ ""* ίΓ"\ i(k.n-cjt) , . 
u(n,i)=u(k)e (lb) 
ι 
reflecting the translational properties of the lattice. This leads to the 
following eigenvalue problem: 
u>
2(k)u(k) = D(k) u (k) (2) 
2 -
The normal mode frequencies ω (к) are the eigenvalues of the (3sx3s) dyna­
mical matrix D, and the u(k) are the corresponding 3s dimensional eigenvec­
tors. So by making use of the translation properties of the lattice the 
number of equations is reduced to that of the particles inside the unit 
cell. For every direction in к space, Eq. (2) defines 3s dispersion bran­
ches, three of which have the property that <j(k=0)=0, the acoustical bran­
ches. In the other, so called optical branches, at k=0 the particles vi­
brate in such a way that in the case of oppositely charged particles (e.g. 
in ionic crystals) this gives rise to periodically varying dipole moments. 
These optical modes can be studied by means of FIR and Raman techniques . 
Since the wavenumbers of the light involved, typically 10 and 10 cm 
respectively, are much smaller than the Brilloum Zone boundary, in these 
experiments essentially the k=0 optical modes are studied. 
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4.2.2 Far-infrared spectroscopy 
In a FIR experiment we study the interaction of the optical lattice 
vibrations with incident radiation lying in the same frequency region 
(1-10 cm ). We must look for the response of the crystal on the electrical 
field component of the incident electromagnetic radiation. The condition 
k=0 means that the field experienced by the atoms is to a good approxima­
tion uniform; consequently we only need to add a term q E e at the 
right hand side of Eq. (la) (q is the charge of particle i). If ω is an 
eigen frequency belonging to the normal mode u , Eq. (1) leads to: 
2 ¿ - -
m ( D - i i ) ) u = q E (3) 
1 1 ι ^i 
•* 1 Σ — 
and this leads to a polarization Ρ = — q u (Ω is unit cell volume): ? -. Ω ι Μι ι 
- 1 Σ Чі ё 
m (ω - ω ) 
ι ι 
On the other hand, Ρ is related to E via 
D = ε(ω) E = E + 4it Ρ (5) 
which defines the frequency dependent dielectric constant (i.e. in general, 
for a crystal e is a tensor).In our case the complete dielectric constant 
consists of an electronic and ionic contribution; the latter is given by 
Eq. (4). In the frequency region of interest (1-10 cm ) the electronic 
part is constant, contained m εί·»), and we obtain the well known expression 
, 4nq /m 
Ε ( ω ) = ε ( β ) + _ Σ _ ^ _ ΐ ( 6 ) 
lüj - ω + ι γ ω 
1 1 
where we have included damping terms γ . Eq. (6) determines the optical 
properties of a crystal and can be obtained experimentally by measuring the 
power reflectance R and transmittance t* of FIR radiation. These are usual­
ly expressed in terms of a complex index of refraction η*=η-ικ = τ/ε, and 
at normal incidence they are given by: 
D (n-1) + κ 
R = 2 J * 7 a' 
(n+1) + и 
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t* 
2 2 
(1-R) t + 4 Rt sin Ψ 
2 2 
(1-Rt) + 4 R t sin (α + Ψ) 
(Tb) 
2 2 
where t = exp(- 4ПАС1/Х), а = 2π nd/λ, tg Ψ = 2 κ/{η + χ -1), λ is the 
wavelength of the incident FIR radiation and d is the thickness of the 
crystal. Fig. 1 gives an illustration of the response function of an idea­
lized one oscillator system (with a resonance frequency ω ) and the re­
sulting reflectance and transmttance ; ω, is given by: ε'(ω. ) = 0. 
/ / 
/ 
ω 
\ 
\ 
to 
— REAL(e) 
--- IM(C) 
\*^*'^ 
/^, 0 
Fig. 1 Idealized one oscillator dielectric function (a) and the cor­
responding FIR reflection (b) and transmission (c) spectra. 
4.2.3 Raman spectroscopy 
The Raman experiment is based on the inelastic scattering of light in 
which an incident photon of frequency ω creates or destroys a phonon of 
frequency ω , leading to a decrease or increase of the scattered frequency 
ω = ω - ω 
S ι + ρ 
(8) 
The corresponding frequency shifts are called the Stokes and anti-Stokes 
2 
components for the creation (-) and annihilation (+) processes . 
—fi —7 
The low scattering efficiency (characteristically 10 - 10 ) requires 
the use of strong radiation sources. Because we are interested in the shifts, 
the frequency of the incident radiation is in principle not important and 
therefore we can use strong monochromatic lasers as lightsources. 
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While in a FIR experiment the dipole moment of the phonon is important, 
in Raman scattering we look at the induced dipole moment m by the electric 
field component of the incident radiation: 
m = α E (9) 
Here α is the polarizability tensor, which will be a function of the instan­
taneous position of the atoms and can thus be expanded in normal mode coor­
dinates u : 
a + Σ 
=o -
U 
da 
9u 
,2 
8 a 
u.u' + — (10) 
u,u' ЭиЭи' 
The term linear in и is responsible for first order scattering, the other 
refer to higher order processes. The intensity of a given Raman line іь 
given by: 
- 1 2 :pi^
s
] (11) 
where e and e are unit vectors parallel to the electric field components 
E and E ;iänd s refer to incident and scattered radiation respectively. 
The constant С depends on the spectral distribution and on the temperature: 
л 
С * Im ε(ω) (—) (η + 1) 
ω ρ 
(12) 
for the Stokes component with η = [ехр(ш /kT)-l] , whereas the factor 
η +1 has tobe replaced by η for the Anti-Stokes component. 
Inspection of Eq. (12) shows that: 
1) the form of the Raman spectrum is determined by Im ε(ω) which is a 
bell-shaped function around each normal mode frequency ω 
2) the temperature of the crystal can be determined from the ratio of the 
Stokes- and Anti-Stokes intensities. Fig. 2 gives an illustration of a 
Raman spectrum. 
I 
Stokes Anti-Stokes 
ω-ω0 
Fig. 2 Typical Raman spectrum. 
4.2.4 Selection rules for FIR and Raman spectroscopy 
In order to determine the selection rules governing the vibrational 
transitions in a crystal, one must consider the symmetry properties of the 
normal vibrational modes involved. These modes transform according to 
irreducible representations of the crystallographic space group of the 
crystal. These representations are characterized by a set of wave vectors, 
the star of k, defined by { Rk |R e point group) . The selection rules 
for infrared absorption or Raman scattering are obtained in the following 
way: the dipole moment and polarizability tensor are expressed in normal 
coordinates and decomposed in the corresponding irreducible representations; 
then one can deduce that only those representations which are contained in 
the totally syrmietric representation of the translation group, for which 
k=0, are potentially infrared or Raman active. This yields the first selec­
tion rule. Furthermore, the condition k=0 implies that we only need to look 
at the representations of the factor group obtained by considering the space 
group modulo the lattice translations. This factor group is isomorphic with 
the crystallographic point group The distribution of the normal modes among 
the irreducible representations can now be determined with the help of the 
"magic formula" : 
rC = - l g χΎ* X (13) 
g : : : : 
y 
Here η is the number of modes in the representation У, g is the order of 
the point group, g the order of the 3 conjugation class, X the charac­
ter of an operation from this class in Ύ and X the character of that opera-
Ύ Э 
tion. TheX, are listed in the character tables for the crystallographic 
point groups and X can be calculated from 
χ = m (2 cos θ + 1 ) (14) 
3 1 D -
where m is the number of atoms that remain fixed or are transformed into 
1 
translationally equivalent atoms (k =0!) by an operation labelled by 3. 
θ denotes the rotation angle involved in the symmetry operation and + is 
for proper and improper rotations respectively. A dipole moment is a vector 
and transforms in exactly the same way as the position vectors; this im­
plies that those representations which contain the vector representation 
are FIR active. 
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A phonon mode can be Raman active if and only if the irreducible re­
presentation of the phonon is contained in the representation according to 
which α transforms. The characters of transformations of a. are qiven by: 
χ (a) = 2 cos θ (2 cos θ + 1). (15) 
3 = J 3 -
The irreducible representations according to which the components of a trans­
form, and the nonvanishing elements of the scattering matrices, having the 
1 2 
same symmetry properties as a, have been listed by several authors ' for 
all 32 point groups. A clear description of the selection rules and the 
methods to calculate the number of modes in each representation can be 
found in reference 1. 
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4.3 Far-infrared and Raman spectroscopy on incorrmensurate crystals. 
4.3.1 Lattice vibrations 
We will consider the case of a one dimensionally displacively modulated 
crystal. Its structure is characterized by a basic structure (Λ) plus a 
modulation wave (q) and its .synmetry is described by a 4-dimensional super-
1 2 
space group ' . This superspace translation syrmetry can be exploited to 
study the vibration spectrum. Here we will not discuss the superspace con­
struction itself (see section 6.2). The property which is relevant for this 
case is that the equilibrium positions and the displacement field of atom 
ι now depend on 4 coordinates: n, , n,, n,. and τ, of the basic lattice vec­
tor η and the internal space respectively. Because of the 4-dimensional 
translation symmetry we can use a Bloch ansatz for the displacement field 
ι - ,- - ,- - , i(k.n-Dt) ,_ . 
u (η,τ) = u (q.n + τ) e (la) 
ι ι 
with 
u (τ) = Σ u e ,ν integer (lb) 
The Fourier decomposition of Eq (lb) reflects the periodicity of the in­
ternal coordinate τ. The equation of motion is: 
mi ù (η,τ) = - _ Σ Φ(2
 1
 τ) u (η',τ) (2) 
η',ι' η' 1', 
where the modulated potential Φ now depends on τ. Substituting Eq. (1) m 
Eq.(2), we get an infinite set of coupled equations for the u , with a para­
metric dependence on τ. The fact that there is no decoupling of the solutions 
as in the normal case is a direct consequence of the incomnensurability. How­
ever, the basic features of the incoirmensurate spectra can be understood by 
studying simple model crystals. As an exairple we consider a linear chain of 
identical particles of mass m, connected by spring constants (see Fig. 1). 
We take the modulated potential into account by assuming modulated spring 
constants: 
a = a + 6 costqn + τ) (3) 
η 
(for simplicity, we take the lattice constant as unity). The equation of 
motion then reads : 
ти(п,т) = -а {и(п,т) - υ(η+1,τ)}-α .{u(n,τ)-υ(η-1,τ)} (4) 
η n-1 
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«in-i α η 
•--^й)ШЗОйО£!ОіШВ--#--^КіІ!ииіМАЗ—#— ЛМйААЙйООіУ-· 
П - 1 η П*1 
α
η
 =a*6cos(qn*x) 
Fig. 1 Model of linear chain with modulated .spring constants. 
Substitution of the displacement field of Eq. (1) yields: 
2 ν
 r o
 l(k+vq) lik+vq), ν 
πιω u = α {2-е ^ - e Í u 
6 .
 Ί
 i(k+(v+l)q) iq -i(k+vq), v+1 
+ •=• [ 1 - e ^ + е ^ - е ^ } u 
+ f { 1 -l(k+(v-l)q) -iq -i(k +vq), v-1 e ^ + е ^ - о } u . (5) 
Eq. (5) can be rewritten in the more transparant form: 
0 v-1 „ ν π v+1 A u + D u + B u 
ν ν ν 
(6) 
In zeroth order approximation, we consider only one component labelled by 
ν and neglect coupling with the terms vVv . 
The solution for the eigenfrequencies follow from D = 0 , and we obtain 
2 4a ,k+vq. 
и = — sin - ^) 
m 2 
(7) 
For v=0 we have the classical result of a mono-atomic linear chain; in the 
incommensurate phase v^O gives new contributions to the spectrum. In the 
next (first) order approximation, we take only coupling with the modes 
v'= v+1 into account. Then we have to solve the set of equations 
v-l\ 
D
 1 B 1 
υ-l v-1 
v+l 
u 
V 
u 
v+1 
= 0 (8) 
v+l' 
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The solutions are obtained as usual, using the condition that the 
determinant equals zero. It is found that to this order, only the component 
labelled by υ is perturbed and that the terms with ν + 1 remain unaffec­
ted. Numerical analysis of Janssen and de Lanqe shows that it is sufficient 
to consider the first terms v+l only. Even for an effect of the modulation 
as big as 30% (δ/α = 0.3 in Eq. (3)), the amplitude of the next Fourier 
coefficient u(n,v+ 2) is more than a factor 10 smaller than the amplitude 
of the first one. 
4.3.2 Far-infrared spectroscopy 
To obtain the far-infrared (TIR) response of an incommensurate crystal, 
we need to know the local electrical field E, acting on the ions (cf. 
bq. (4) of section 6.2). This E, is the sum of the external field of the 
^ loc 
incident FIR radiation and the internal dipole field induced by the dis­
placements of the ions (we will ignore the atomic polarizability). The 
modulation affects the locally induced dipole field, and enters thus the 
FIR response. 
For a diatomic ionic crystal (the atoms labelled by 1 and 2, with 
electric charges z..=z and z7=-z) the transverse dipole field is given by 
- ,-. -ζ ^ ufnt-uin') ,„, 
Ε (η) = —=• Σ ^- (9) 
a η V n | η - η ' | 
To calculate this field, we substitute the displacement field u(n,t) 
appropriate for the modulated crystal. The local field will then be a 
function of the internal coordinate τ, and again E. can be decomposed 
in its Fourier components: 
Ε. = Σ E v e1VT (10) 
loc ν 
For ν =0 
E 0 = E
o
 -ζ(ϊξ - Щ_) e - l K · " S'(0|k, 3/2) (Ila) 
and for ν ^0 
E v = -zlu^-up e 1 ^ ' - " S'(0|k
+
v5, 3/2) (lib) 
H 
where S' is the lattice sum 
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ι к.η 
S'(R|k, m) = Σ ^ =- (lic) 
η |n -R| 2 m 
When an alternating electrical field is present, the equations of motion 
get the form: 
А и""
1
 + D uV + D u V + 1 = ( -Z) EV . (12a) 
ν υ υ ζ 
Substituting Eq. (11) we obtain: 
for ν =0 A u"1 + D u 0 + D u 1 = Γ Ζ)Ε (12b) 
o o o z o 
and for V O A u41-1 + D υυ + В u V + 1 = 0 . (12c) 
ν ν υ 
The wiggle in D indicates that now the local fie3d factor S' is included; 
this gives the usual small shift of the resonance frequency due to depola­
rization effects. From Eq. (12) we see that only the v=0 term is directly 
driven by the frequency of the external field. Terms with V 0 are only 
indirectly driven by their coupling to the v=0 modes, i.e. they are sup­
pressed except for the resonances. The inhomogeneou.s equations can be sol­
ved approximately if ω(ν=0) is not too close to ω(ν=+1). In that case we 
can consider the two regions ω=:ω(0) and ω=ίω(+1) separately. The coupling 
between u and u will be neglected because these are still an order of 
magnitude smaller than u . The procedure is now to solve first u and u 
and substitute the solutions in Eq. (12b). The final solution for u can 
be written in the form of of an effective electrical field E ,-,-: 
eff 
z/m 
u
0
 = -75 ^ 7. E „ (13a) 1 2 ^ 2 eff 
ω - ω(0) with 
E „ = (1 - 62F)E (13b) 
eff о 
1
 (13c) 2 2
, ^ 
ω - ω (+1) 
(6 originates from the modulated elastic constant α = α + 6 cosíqrH-x)). 
Now, this effective field is not constant for k=0 but it shows resonances 
near ω(+1). To make this derivation selfconsistent one should repeat the 
same procedure for ω(+1). 
As a final result we get: 
a) for 6=0 (no modulation) Eq. (13) gives the classical result 
,„ ι ω = ω(ν=0) 
b) for 6^0 we get resonances at \ , ,> 
ω = üHv=+l) 
c) the modes ω(ν=0) and ω(ν=+1) are coupled. 
The very interesting consequence of this mutual coupling is that changes m 
the mode ω(+1) can be observed indirectly at ω=ω(0). 
4.3.3 Raman spectroscopy 
The symmetry adapted theory for Raman scattering on incommensurate 
crystals has not yet been formulated so far. Therefore we will limit the 
discussion to an indication of the principal aspects. 
The Raman scattering is determined by the polarizability tensor a. 
(cf. Eq. (10) in section 4.2). This tensor depends on the instantaneous 
positions of the atoms, and accordingly one should use the symmetry adapted 
displacement field υ(η,τ) of Eq. (1). However, the situation is more compli­
cated than in the FIR case, because derivatives of α with respect to 
υ(η,τ) must be included now. 
The form of the Raman spectrum is determined by the imaginary part of 
the response function Im ε(ω) (cf. Eq. 12 in section 4.2). This involves 
an analogous derivation as in the FIR case, but now the damping should be 
included and the full complex response studied. Numerical computations of 
one dimensional models"' show that the function Im ε(ω) has a peak at 
üj(k=\jq) for integer v, as is also predicted by our model (cf. Eq. (13)). 
The intensity of these peaks will decrease rapidly with increasing υ. In 
fact therefore, only contributions for v=0 and v=+l are to be expected. 
8^  
4.3.4 Selection rules for FIR and Raman spectroscopy 
To determine the selection rules we must: 
1) classify the modes 
2) find the representations 
3) calculate the selection rules 
For incommensurate crystals, superspace symmetry will play the role that 
space groups do for normal crystals. The displacement fields and thus the 
vibrational modes in an incoimensurate crystal can be characterized by the 
3-dimensional wave vectors к of the basic lattice . This was already im­
plicitly used in Eq. (1). However, the relevant k's are now к (modulo ΠΣ*) 
where ΠΣ* denotes the projection of the reciprocal super lattice Σ* on the 
normal reciprocal space. Σ* consists of vectors s* = (k + vq, ve*) with 
к e Л* (basic reciprocal lattice) and e* a unit vector of the internal reci­
procal space. This implies that modes with a wavevector vq can also become 
active in the spectra. 
Because superspace groups modulo the internal translations are iso-
7 
morphic with normal space groups , all the necessary representations are al­
so known. The character of a representation can be calculated with the help 
of the following formula : 
X, , = χ_ Σ exp i(k-vq)u -ive*.v (14) 
R e * = e* 
where the summation involves only those atoms which are transformed into 
translationally equivalent atoms. 
Here, the elements of the superspace group are denoted by pairs of euclidean 
transformations (g g ); g acts on the 3-dimensional "external" or "posi­
tional" space and g on the 1-dimensional internal space, χ is the charac-
ter of the point group operation of the space group with elements g ; v T and 
R are the translation and the homogeneous part, respectively of 
gi = 'vV-
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4. 4 EVIDENCE FOB SOFT MODES AT q Φ 0 IN THE FAR-INFRARED SPbCTRUM OF Rb2ZnBi\ 
Th Rasing, J Η M Stoelinga and Ρ Wyder 
Research Institute for Materials, University of Nijmegen, Toernooiveld, 
6525 ED Nijmegen, The Netherlands 
(Received 15 April 1980 by A R Miedema) 
The possibility to observe optically inactive and q Φ 0 soft modes in an 
indirect vay by using far-infrared techniques is investigated Using the 
fact that, due to anharmomcity, all modes of lattice vibrations are 
coupled with each other, the softening of one particular mode can be 
seen indirectly in the damping of other modes By applying this idea to 
the modulated structure Rb_Zn3r, , the infrared inactive soft mode at the 
normal-incommensurable transition, the soft phason node at the lock-in 
transition as well as a soft mode behaviour at an intermediate tempera­
ture have been observed 
Incommensurable structures have attracted a 
great deal of interest during the last years1 
In these systems, belov a transition temperature 
Τ , the atomic positions are shifted periodical­
ly, with a characteristic vavevector which is 
incommensurable with the underlying lattice In 
most cases, this modulation becomes commensura­
ble at a temperature Τ < Τ New types of exci­
tations appear in this incommensurable phase, 
originating from spatial variations of the am­
plitude or the phase of the modulation wave, 
called the amplitudon- and phason-modes2 The 
transition to this phase is very often associa­
ted with thç softening of a lattice mode with a 
vavevector q ч* 0 situated within the Brillouin-
zone. Obviously, this mode is optically inactive, 
and therefore the softening of this lattice mode 
will not be seen directly by simple far-infrared 
techniques It is expected from theoretical con­
siderations2, that also one of phason modes 
should soften at the lock-in transition tempe­
rature Τ . Although this mode is in principle 
optical active, it has not been observed direct­
ly due to its small oscillator strength3 
In this paper we will show that it is 
possible to study these soft modes at both phase 
transitions in a rather indirect way The method 
is based on the fact that all lattice modes are 
coupled with each other due to the anharmomcity 
of the interaction potential. Not the soft mode 
itself, but the effect of its softening on the 
other optical active modes is investigated 
The electrodynamic response of a system of 
damped harmonic oscillators of frequency ω and 
damping constant γ is characterized by the 
frequency dependent dielectric function 
ε(ω) = E(-) + I f ΛωΤ-
J J J 
+ιωγ } (1) 
where f is the oscillator strength of the mode 
j. The coupling of the modes is reflected in 
the damping constants γ , vhich are the only 
entries in Eq. (1) containing information of 
properties at non-zero wavevectors. Using the 
usual perturbation theory, these damping con­
stants are given in first order Ъуц 
ΐ 6 Ν ω
ι k.l V i * 1 1 k i 
-6(ω +ω +ω )] + In,-η ){6(ω V 
-vV 
-ί (ω -щ^-ш )} ] 
(2) 
Here, the summation includes all pairs of modes 
which fulfil momentum conservation N is the 
number of unit cells, the temperature dependent 
occupation number is given by η = 
I ехр(Ьш./кТ)-1J and W are the coefficients 
of the third order term of the anharraonic 
potential 
If at a q Φ Q a mode id(q ) = ω softens, 
then one gets for the temperature dependence 
close to the phase transition 
ivTi (3) 
where 6 usually equals to a 2 5 Here Τ is the 
transition temperature Near Τ , we have 
hü) << kT and η >> η for all 1 Φ s Therefore, 
the leading term in Eq. (2) will be * η /ω 
which gives in first approximation6 
γ (Τ) - Τ/|τ.-τ| (10 
The softening of the mode at q thus results in 
an increase of the damping constants γ of all 
other modes 1 Φ s near the phase transition 
This can indirectly be observed by measuring γ 
as a function of temperature. 
As an example for a normal structural 
phase transition accompanied by the softening 
of an infrared inactive mode, in Fig. la a part 
of the far-infrared reflection spectrum of 
(CH-NH-JgCuCl^ is presented6 For the experi­
mentally clearly distinguishable resonances in-
8f 
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40 120 
WAVENUMBEfi (cm-1) 
Fig, la Reflectivity R of (CH NH ) CuCl, , relative to the reflectivity R 
of a gold sample, as a function of frequency for several tem­
peratures . 
1Ъ Inverse of the normalized damping constant γ(θ)/γ(Τ) as a 
function of the inverse temperature Τ for the peaJts indicated 
in Fig, la. 
dicated by numbers in the figure, the width of 
the line vas taken as a measure for the damping. 
The damping constants obtained in this way are 
plotted as a function of the inverse tempera­
ture in Fig. lb. As can be seen from the figure, 
close to Τ they all show a linear dependence 
with the inverse temperature, in accordance 
with Eq. (1+) 
For systems with high transition tempera­
tures, the sharp lines will coalesque into 
broad bands» making a direct measurement of γ 
from the line width impossible. However, it is 
nevertheless possible to detect a change in γ 
by carefully measuring the temperature depen­
dence of the transmission of monochromatic far-
infrared radiation in this broad band. The re­
lative transmission t1* of electromagnetic ra­
diation through a dielectric slab of thickness 
d may be approximateJ, for the case of normal 
incidence, neglecting multiple reflections and 
assuming k << n, by 
ω
 ж
 ω and ω << ω for all other J * ι)• к(ы) 
can be written as 
k U ) = к (ω) + к (ω) (6) 
with к (ω) = 1 
f ωγ, 
2n , 2 2ч2 ^  2 2 
ο 2n ' 
f ωγ 
л ,.ι 
(Τ) 
(8) 
According to Eq, (U), γ will increase strongly 
near the phase transition and the denominator 
m Eq. (7) will be dominated by γ ^ ω , leading 
to 1 
k(T) |Tt-T|/T 
t" = (1-Н)Ч (5) 
where t » expi-^nduk), R = ^n~ '—— . Here η 
(п+іГ+к 2 
and к are the real and imaginary parts of the 
complex index of refraction n* * n-ik = /ε. As 
can be seen from Eq. (5). the dominating term 
for the transmisßion ie given by к in the ex­
ponential leading to t. Therefore ve can take 
η as a temperature independent constant and 
etudy the effect of the temperature dependence 
of γ(Τ) on к only. For frequencies ω сіове to 
the lav lying resonance frequencies u>j (i.e. 
Therefore, k(T) will show a relative minimum 
at the transition temperature T., if к is only 
weakly temperature dependent in this region. As 
a result, according to 
t u t (l-Unduik ) = t (1- |Tt-T|/T) (10) 
к term has been included in t .So by careful­
ly measuring the transmission as a function of 
temperature at a fixed frequency, possible 
optical inactive soft modes can be observed 
indirectly. 
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We have applied this method to Rh^ZnBr, , 
known to Ъе a modulated structure with 
Τ = 353 К and Τ = 201 К7. As the effect is 
expected to Ъе rather ыпаіі, the experimental 
conditions for measu ng the transmission have 
to Ъе controlled rattitr accurately Therefore, 
a very staMe source of mo ichromatic far-
infrared radiation is needed We used a har­
monic generator of microwaves, which is con­
tinuously tunable over the range 2 to 25 cm-1 e. 
As a detector, a He cooled silicium bolometer 
was used. 
In Fig. 2 the transmission at 7·θΐ cm-^ 
of Rb^ZnBr, relative to the transmission of the 
system without sample is plotted against inverse 
temperature The figure shows a pronounced maJt-
imum at 201 K, and a very small one at 353 К at 
the two known transition temperatures Τ = 201 К 
and Τ = 353 К 7. In addition, at 300 К another 
well defined maximum is found, indicating an 
extra phase transition within the incommensura­
ble phase. In Fig. 3 more detailed measurements 
for temperatures close to Τ are presented, 
using different frequencies, and all showing 
the linear T-' dependence of the transnussion 
around Τ , in accordance with Eq. (10). 
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30 ^0 50 
the transmission of the system without 
sample for several frequencies as a 
function of the inverse temperature 
as measured close to the normal-
incommensurable transition temperature 
Τ . 
Fig. 2 -1 
relative to the transmission of the 
system without sample as a function 
of the inverse temperature 
ТЬеье results indicate that one can observe 
the softening of the modes at both Τ and Τ 
indirectly, which seemed to be impossible in a 
direct way^»9. As the damping has already in­
creased considerably with temperature around 
Τ
 9
, the soft mode contribution is probably 
relatively smaller here, leading to a smaller 
effect in the transmission at Τ . As the ampli-
tudon is expected to change only slightly in 
frequency at the temperature Τ , the q phason 
mode should soften at Τ 2. Therefore, the ob­
served effect at Τ can tentatively be ascribed 
to this soft q phason mode. The maximum at 
300 К indicates a possible other phase transi­
tion within the incommensurable phase, a fact 
that is also suggested recently by other expe­
riments^. This could be the forming of a domain 
like structure, consisting of commensurate 
microdomains, before the transition to the real 
commensurate phase at 200 К takes place1 . 
In conclusion we have shown the possibility 
of indirect investigation of q Φ 0, infrared 
inactive soft modes through their contribution 
to the damping of the other optically active 
lattice modes. The experiment involves the 
measuring with very high accuracy of the tem­
perature dependence of the transmission, using 
very stable monochromatic far-infrared radia­
tion. In this way the optically inactive soft 
mode at the normal-incommensurable transition 
as well as the soft mode at the lock-in transi­
tion at Τ could be seen in RbpZnBr,. At Τ , 
the observed effect can Ъе ascribed to a soft 
phason. This gives new evidence for the exist­
ence of these excitations, characteristic for 
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incommensurable structures but rather hard to 
observe. At 300 К an intermediate transition 
within the incommensurable phase has been seen, 
which is probably a transit-on to a domain-like 
structure. 
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4.5 TEMPERATURE DEPbNDENCE OF THE FAR INFRARED TRANñMI SION ut THE МОППЬЛТП) 
STRUCTURE ПЪ ZnBr^ 
Th. RASING, J.M.M. STOELINGA and P. WYDFR 
Physics Laboratory, University of Nijmcg n, Гос^гпооі vt Id, Nijrapgen, 
The Netherlands 
A. JANNER and T. JANSSEN 
Institute of Theoretical Physics, University of Ni]m<-ppn, Toernooiveld, 
Nijmegen, The Netherlands 
АЪв^а^ The far infrared transmisoion between 5 and lbo era oJ Rl ZnBr, 
has been measured as a function of tempf rature from Ί Lo 'lOO K. We liivt 
observed a temperature dependent mode, winch broaden'- strongly with indiasi ng 
temperature. Moreover, Wf have found strong indie iti ins of a in w phase 
transition at 50 K. 
From structural investigations, ffbjZnJirij i*" known to havt m incornili r sural ι 
structure between 200 К (= Τ ) and 353 К (= Γ ) with a rnodulaUon wav( ν ctnr of , 
-»•JÎ С L ^Ji 1 
0.3 с , while below Τ the modulation is comminsuratc with ι wave vettrr oi I/ 1 ( 
The space group in the normal phase (> Τ ) ι«· Ρ ( s une "eltinp αϊ m π 1 . 1 ) , 
with a pseudo hexagonal c-axis. In the modu] ttid phase, Lhe three dimr riojonal 
periodicity is lost, which means that the crystal cannot be de cribed ly one of ι hi 
known crystallographic space groups Ao ha^. been shown by de Wolft^ and Jinn'r and 
Janssen3 the proper symmetry group is a space group in more than Lhref dimension , 
the so-called ouper^paee group. The detailed structure of the incommi usurati phi с 
of RbiZnBri, is not yet known. On the basis of the data availabb ^o far 1 thi ,ιηχ r-
Ρ 
emm 
space group assigned to it is Ρ γ. The meaning oí the symbol > used to label thi 
four dimensional space group is explained in rel. 5. 
The superspace group approach has already leen succe^slul in rxplaming X-ray 
diffraction reoUlts. Work is in progress showing that it al^o can be used ior 
deriving the selection rules for I.R. and Raman activf modes in Hb^ZnHr^ In ordir 
to have a first understanding of the low temperature transition (at j+ 50 K) in 
addition to the already observed phase transition at 200 K, a modi] ij proposed 
for incommensurate crystals undergoing a lock-in transition Mori details hereon 
can be found elsewhere in these proceedings , , 
The order parameter of a modulated crystal can be written as u(x) = ve , 
with ¥>(x) = qx + h ( x ) , q = 2π/ρ, for RbjZnBr^ ρ = 3 If h(x) = h χ (h = constant 
Φ 0) then φ = (q + h )x and the structure will in general be incommensurate and can 
be described by α superspace group If h(x) is constant ovi r a length L and then 
has a jump of ?π/η, one gets a domain-like structure of commensurate p u ceo. Л^ ι 
result, part of the translation oymiietry of the supi-rspace grour is thin lost, 
leading to a subgroup of index ρ (the supercell is ρ times larger) With decreasing 
temperature, the number of domains decreases until finally Lhe whole crystal 
becomes commensurate. According to this picture, wf may exprct the following [ ha jes 
going from high to low temperatures first (at Τ ) the crystal Ъесопн s incommen­
surate modulated, at T
c
 there is a transition to a domain structure while at Τ ι 
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the whole crystal becomes conmensúrate. At Τ and Τ , we have transitions between a 
normal and a supersuace group while at T
c
 there is a transition between two super-
space groups. 
We have measured the far infrared transmission on single crystals of RbpZnBr^ 
using a Michelson interferometer and a He-cooled bolometer. In figure 1 the trans­
mission along the a- and c-axis is presented between 20 and 1І+0 cm"'' for three 
temperatures. There is only a substantial transmission around ll*0 cm-'' and at very 
low frequencies, where some additional structure is present. For both directions, 
the spectrum resembles that of a strong optical mode with ци- - 1*5 and 30 cm-' геь-
pectively for the a- and c-direction, and some less stronger modes at lover fre­
quencies. From neutron data, only one optical branch is known, with ш(к=о) = 31 cm 
By looking at the structure of Rb2ZnBri4, we can qualitatively understand the 
origin of these rather low frequencies. In the c-direction there are chains of 
alternating ZnBr^ tetrahedra and Rb atoms, and chains of only Rb atoms, so that the 
latter have a relative large freedom of motion resulting in a low frequency mode. 
Perpendicular to the c-axis the structure of RbgZnBr^ is approximately hexagonal 
except for the two planes at с = 0 and с - I. Here only half of the atoms, necessary 
for a hexagonal cell are present which allows a large freedom of motion in the 
a-direction (see figure 2). 
With respect to the spectra, the first mode will be active in the spectrum 
measured along the a-axis and the second in the spectrum along the c-axis. Without 
approximation we would expect 39 I.R. active modes in the orthorhombic cell, while 
in the hexagonal approximation and taking the tetrahedra as rigid, only 2 active A-]
u 
and 2x2 (degenerate) E-j modes are expected. For a clear identification of the 
modes a more detailed analysis will be necessary. 
0 2 
0 1 
RES W RbjZnBr, = βΟΚ 
ь 200 К 
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0 0 
0 2 
0 1 -
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FIGURE 1 Transmission of RbgZnBrj, along 
two different crystal axes between 20 and 
I^ O cm-1 for three temperatures. 
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The most interesting part of the 
spectra is shown in figure 3 for the 
c-direction. The two most striking 
features are the following: the mode 
at 22 cm"^ broadens very strongly with 
increasing temperature while the mode 
at l'i cm-1 , present at ho K, disappears 
in the 60 К spectrum, leading to an 
increase in transmission at that fre­
quency. From the complete transmission 
data, measured in steps of 5 K, we 
found that the actual transition takes 
place at •v 50 K. 
This sudden change in the spectrum 
must he the consequence of a phase 
transition where the selection rules 
for the I.R. active modes change. 
According to the ideas mentioned in the 
first part of this paper, this transi­
tion might be the real lock-in, below 
which the structure is commensurate. Between 50 К and 200 K, the crystal then would 
have a domain structure. This would mean that at 50 К there is a transition between 
a normal and a superspace group, while at 200 К there would be a transition between 
two superspace groups. 
In figure 3, the 200 К transition is much less pronounced. A more careful 
analysis of the spectra showed that the strong broadening of the 22 cm-1 mode, 
slowly relaxâtes towards 200 K, indicating more a second than a first order phase 
transition, in agreement with the group-subgroup relation of these two phases 
(see above). The observed strong "broadening also may explain the overdamped nature 
of the neutron results of ref. 1, 
In conclusion, we would like to state that we have found from our f$r infrared 
transmission data of Rb„ZnBri , in addition to the known phase transitions, evidence 
Part of the structure of 
showing the atomic positions in 
two planes perpendicular to the c-axis. 
The numbers give the fractional c-coordi-
nates. At both these levels the atoms form 
two chains with a rather large freedom of 
motion in the a-direction. 
яь
г
гпвг^ 
ν 
\ 'Z4 
> 4 0 K 
• 6 0 к 
2 2 0 R 
1
 390 К 
F R E Q U E N C Y ( c m " 1 ) 
FIGURE 3 Low frequency part of the trans­
mission spectrum along the c-axis at tem­
peratures in all the different phases of 
Rb2ZnBri
+
. From 6θ К to Uo К an extra mode 
appears at lU cm"^. At high temperatures 
the mode at 22 cm~^ is strongly broadened. 
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íor a new transition at 50 К. Tentatively the latter is ascribed to the lock-in 
transition while the higher transition at 200 К can then be understood as a transi­
tion between two incommensurate crystal structures, the one with essentially a 
smussoidal modulation, the other with a periodic succession of commensurate 
microdomains separated by rapidly varying modulation phases. The spectra at all 
temperatures above _+ 100 К are very smooth and relaxation like, due to the strong 
broadening of a mode at 22 cm-^. A more quantitative analysis will be presented 
shortly. 
Part of this work has been supported by the "Stichting voor Fundamenteel 
Onderzoek der Materie" (FOM) with financial support of the "Nederlandse Organisatie 
voor Zuiver Wetenschappelijk Onderzoek" (ZWO). 
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ABSTRACT 
Raman spectra of the modulated structure Rb ZnBr, show the appear-
ance of new and temperature dependent modes in the incommensurate phase, 
in accordance with the predicted change in selection rules as derived 
from superspace symmetry. The results can be interpreted witn the help 
of a harmonic oscillator model in which the superspace symmetry of the 
normal mode solutions is taken into account. 
Since the discovery of the existence of solids with incommensurate 
structure (e.g. crystals with an arrangement of atoms where at least in 
one direction the translation symmetry of the crystal lattice is lost, 
therefore excluding any conventional space group symmetry), the rather 
fundamental problem has risen if and how the usual concepts of solid state 
physics intimately related to symmetry (like Brillouin zones, normal mo-
des, crystal fields, selection rules etc.) can be generalized and how this 
will be manifested in the physical properties. This problem is particular-
ly intriguing because of the widespread occurence of incommensurate sys-
tems: ionic and molecular crystals, metals, semiconductors, superconduc-
tors, organic and magnetic systems, ferroelectrics etc., indicating that 
95 
incommensurability is a very general phenomenon. Untili now these pro­
blems have been discussed mainly in connection to X-ray or neutron-diffrac-
1 2 3 
tion experiments ' , and to the morphology of incommensurate crystals . 
In this paper, we will show experimentally and theoretically how the 
Raman scattering, an other phenomenon closely related to the symmetry of 
the crystal involved, is influenced by the incommensurability. We will 
show that the mathematical method of the superspace symmetry gives the 
full and adequate machinery to calculate explicitly the selection rules 
for Raman and far-mfrared spectroscopy on incommensurate structures. In 
addition we will illustrate how the underlying physical principles can be 
understood on the basis of a simple text-book spring model of an incommen­
surate crystal, in surprisingly excellent agreement with our experimental 
results. 
As a specific example we have chosen Rb-ZnBr , known to have a nor­
mal (N-) phase above a temperature 1 = 355 K, and an incommensurate 
(I-) phase between Τ and Τ = 200 К . Single crystals of Rb ZnBr were 
grown by slow evaporation form an aqueous solution and transparant re­
gions were chosen for the experiment. The samples were placed in a flow 
cryostat and radiated with an Ar laser at 514.5 nm where after the 
scattered light was analysed with a double grating monochromator and a 
photoncounter in a conventional way. At the transition to the I-phase a 
change in the optical selection rules occurs (i.e. new Raman lines appear), 
despite the fact that the average structure of the crystal stays unchang­
ed. Figure 1 shows the temperature dependence of the position of the Raman 
lines and a part of the spectra, showing the activation of the following 
new modes: at 206 cm (1), at 83 cm (2) and a very weak one at 44 cm 
(3). Besides that, a number of modes ((l) and (2) as well as the mode at 
226 cm ) increases in frequency with decreasing temperature. 
To analyze these results we first must identify the modes involved, 
taking into account that the crystal is characterized by a one dimen-
sional displacive modulation with wavevector q along the с -axis (in the 
setting where the N-phase space group is Pcmn). The symmetry adapted 
displacement field of such a crystal has the form: 
i(k ma+k Ab+k nc) 
-нпЯп -> , . χ у ζ ., . 
u = u (qnc+T)e (la; 
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Fig. 1: a) Part of the Λ
τ
 Raman spectra of Rb^ /.nlir at temperatures above (369) 
and below (322 and ¿85 Κ) Τ . b) Frequency shift of observed Raman lines as a 
function of temperature for the L(bb)a orientation and of two B, modes in the 
Ig 
b(cb)a orientation. The new activated modes in the I-phase are indicated by 
numbers, a and с denote the polarization of the two v,. modes. 
Table I: Factorgroup analysis of Rb ZnBr in the N- (Renin, v=0) and I-phase 
Pcmn (P -, v=1). Ν,Α,Τ,Κ and I are numbers of normal modes, aeoustica], 
translational optical, librational optical and internal modes. The 
notation of the representations are as in ref. 16. 
D2h R I Raman FIR 
Ag 
% 
B2g 
В
зд 
Au 
Blu 
hu 
hu 
13+16V 
8+26 
13+16V 
8+26 
8+26 V 
13+16V 
8+26 V 
13+16V 
1+ 
1+ 
1+ 
6+6 
3+12V 
6+6 
3+12V 
3+12V 
5+5 
2+11V 
5+5 
1+4V 
2+2 
1+4V 
2+2 
2+2 
1+4V 
2+2 
1+4V 
6+6 
3+12V 
6+6 
3+12V 
3+12V 
6+6 
3+12 
6+6 
a
xx'
a yy a zz 
xz 
ху 
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with 
UJ ( : τ ) = ν U j e l V ' r v e ¿ · (lb) 
This corresponds to a Bloch ansat? taking into account the superspace 
translatlonal symmetry, which implies in particular the periodicity in 
the internal coordinate τ as expressed in Fq. (lb), which is based on 
2 5 
the periodicity of the modulation wave . As has been shown by Janssen 
these modes can be characterized by irreducible representations of the 
superspace group. Because the latter is isomorphic with a 3-d imensional 
space group, all the necessary representations are known. The character 
of the representation is calculated with the help of formula 5.7 from 
ref. 5· 
x(o о 4 = XR ' Σ exp[ i(k-vq)u -ivb^.v ] 
Ь
К
, Ь
Г E , к J 
Ь1 
j.j'=J (2) 
Here (g ,g ) are elements of the superspace group, where g acts on the 
3-dimensional "external" space and g on the 1-dimensional internal space 
χ_ is the character of the pomtgroup operation of the space group with 
elements g ; ν and R are the translation and the homogeneous part, 
E l I 
respectively of g = {R |v }, and b is a unit vector of the internal 
reciprocal space. 
The N-phase of Rb^Znßr has spacegroup Pcmn (D ), Z=£ and the I-
phase with q = 0.3c , has presumably the superspace group Ρ - 3,6 which 
in the complete list of (3+1) dimensional superspace groups appears as 
62.C.9.2 . The corresponding pointgroups are isomorphic with miran and the 
character of the representation belonging to the modes k = 0, ν φ 0 is 
xCE.C^.cLc^.i.n ,σ ,σ ) = (72,0,Ü,0,0,0,2A(-)V,0) for the translational 
v+1 
and (24,0,0,0,0,0,8(-) ,0) for the librational modes, whereas χ for the 
k = 0, ν = 0 modes is thL same as in the N-phase. Since to a good 
g 
approximation the modulation can be assumed to be sinusoidal , the main 
contribution will come from ν = 0 and ν = +_ 1. Table I gives the factor-
group analysis of the normal modes in the N- and I-phase showing that 
ОЯ 
the extra activated Raman limjj are cLassified as 16 A + ¿6 B, + 
g 'g 
16 В, + 26 В., . The two modes at respectively 203 and 226 cm-1 in the 
ê
 . .
3 g
 9 
N-phase originate from the internal \J, tetrahedron mode , which in the 
crystal gives rise to two A modes, with eigenvectors along the a- and 
c-axis respectively. From Table I we see that in principle one may expec 
2 extra v., modes in the I-phase, of which one is observed at 206 cm (1 
-1 . . . 9 
The В mode at 80 cm probably originates from the internal ν mode s 
-1 . 
that the new one at 83 cm will be a ν (ν = ' 1) mode. 
The effect of the modulation on the vibration spectrum and the tem­
perature dependence of the latter can also be understood with the help 
of a simple harmonic oscillator model, with modulated spring constants. 
Here we will concentrate on the internal modes. The basic results how­
ever, are more general and also confirmed experimentally as will be 
shown in a following paper . As a model we assume the crystal to be 
made from chains of tetrahedra and represent each tetrahedron by a 
sphere of mass m.(= 4 m ) , containing a particle of mass m (ι m ), 
connected by a springconstant a. In the chain we consider two kinds of 
nearest neighbour interactions: one between inside- and outside- and 
one between outside-particlcs of different sphere;,, represented by the 
springconstants β and γ respectively. The coupling between neighbouring 
chains is represented by a springconstant ζ., where i denotes the direc­
tion of the chain and j that of the coupling (see Fig. 2). Further, we 
take modulated springconstants for the nearest neighbour interactions 
along the c-axis, which is a necessary and sufficient assumption to 
-7 •·•• 
Zn 
4 Br 
Fig. 2 : Schematic picture of our tetrahedron model for a chain along 
the a-axis; the different spring constants are as explained 
in the text. 
bimuldte the modulation (see réf. 11 and 12): 
„η 
β + 6cos(nqc+T) (За) 
γ γ + Ecos(nqc+T) (3b) 
ζ = ζ + pcos(nqc+T) , (Je) 
de не 
where 6, e and ρ may depend on the modulation amplitude and where τ is 
the internal coordinate. For the corresponding displacement field 
u. (j = 0 or I) wc look for "normal mode" solutions of the form of 
bq. (1). Putting these in the equations of motion and taking terms with 
ivi 
the same factor e we get an infinite set of coupled equations 
A u V ' + D u V + В u V + 1 = 0 veZ , (4) 
V V V 
-> 
where u stands for (->0). In zeroth order we consider only one Fourier 
Ul 
component labeled by ν and neglect coupling with the other components 
ν' Φ ν i.e. we take A = В = 0 . The eigenfrequencies can then be cal-
v ν 
culated from ||ϋ [| = 0 yielding for the a and с direction the following 
internal mode frequencies squared: 
4ς 
2 2 ас . 2 /Vqc, ,, , 2. .. . 
ω = ω + sin (—Э—) + (h.о. terms in ζ /ω ) (5a) 
а о m l ас о 
4γ 2 2 с . 2 /Vqc. ., . , 2 . .., . 
ω = ω + sin (—з— ) + (h.ο. in γ /ω ) (5b) 
c o m , 2 c o 
with ω = (α+2Β-)/ν and μ = m,m /(m,+m ). In the N-phase only the term 
ο ι 1 о 1 о 
ν = 0 can occur (no modulation) and we have two optical modes with 
different frequencies depending on g and β : in the I-phase new modes 
а с 
are expected because of the presence of υ Φ 0 terms, consistent with the 
selection rules as derived above. Regarding the mutual distances of the 
tetrahedra along both directions and the elastic constants it follows 
100 
that β > ß ; therefore Lhe observed modes can be assigned ач ш (v=0) = 
с а с 
226 cm - 1, ω (v=0) = 203 cm-1 and ω (v=+l) = 206 cm"1 (= 1 in Fig. 1). 
By neglecting the coupling between the modes, Lhe temperature dependent 
coupling conbtantb δ, e and ρ have been dropped out. In Lhe next 
approximation the set of J modes ν and \i +_ I are considered Lo be de­
coupled from the remaining ones. As discussed above, in the present 
case ν = 0 and ν = + 1 are the relevant ones. The determinaiiLal equa-
. , _,.
 _
. . 10 
Lions yielding the eigenrrequencies now gets the form 
ID;; || · | | D ^ •
 P
2
 χ || = 0 (6a) 
|D=|| . |lD^
 +
 ε
2
 Y [I =0 (6b) 
where X and У depend on m0,m and on the springconstants. This gives 
the interesting result that to this order: for the a-direction the 
original ν = 0 mode remains unaffected and Lhe new ν = + 1 mode is 
perturbed via ρ ; the opposite happens for Lhe c-direction, where the 
ν = 0 mode is perturbed and the new one not. We see from Fig. I that 
in the I-phase Lhe modes ω (v=0) and ω (v=+l) (denoted by 1) both 
shift as a function of temperature, in agreement with Lhe conclusions 
From Eq. (6). Again in qualitative agreement with Eq. (6) the ν (v=±l) 
-1 . . . 
mode at 83 cm (2 in Fig.l) increases also in frequency. Finally there is 
a temperature dependent mode around 15 cm in the I-phase. From its 
symmetry and temperature dependence, this might be assigned as the soft 
ι ·,- j ^ 1 3 amplitudon mode 
1C1 
Suniinjri7ing WL hive observed new activated Raman lints in the I-
phase of Rb.Znßr, in accordance with the predicted change in selection 
rules as derived Ггога superspace symmetry. The measurements can be 
interpreted by means of a simple harmonic model of chains of spheres 
connected by modulated spnngconstants and a Bloch ansata for the 
vibrational modes reflecting the superspace Lranslational symmetry. The 
observed temperature dependent shifts can be related in the model to 
the amplitude of the modulited s iringconstants which in the crystal will 
be the result of the temperature dependence of the amplitude of the 
displacive modulation. It appears that the effect of the modulation 
becomes most clear for the internal Znßr, modes supporting the idea 
that the modulation wave mainly consists of large rotations of these 
14 15 
tetrahedra . A similar effect is very recently observed in Na.CO, , 
which can also be interpreted with our phenomenologicil model. 
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4.7 FAR-INFRARED AND RAMAN STUDIES OF THE 
INCOMMENSURATE STRUCTURE Rb.ZnBr, (A SUPERSPACE APPROACH) 
Th. Rasing and P. Wyder 
Research Institute for Materials 
and 
A. Janner and T. Janssen 
Institute of Theoretical Physics 
University of Nijmegen, Toernooiveld, 6525 ED Nijmegen, 
The Netherlands 
Abstract: 
The temperature dependence of the optical vibration spectrum of the 
modulated structure Rb.ZnBr. has been studied with Raman and far-infrared L 4 
(FIR) spectroscopy in the normal (N-), incommensurate (I-) and different 
conmensúrate (C-) phases. The observed activation of new modes confirm 
the predicted change in selection rules as derived from superspace symme-
try. A physical interpretation of the results is given by means of a harmo-
nic oscillator model with modulated spring constants in which the superspa-
ce translation symmetry of the vibration modes is taken into account. The 
FIR responseof such a system has been derived. At lower temperatures pro-
bably three commensurate phases seem to appear which are driven by a 
temperature dependent modulation amplitude. 
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I. Introduction 
Recently, the appearance of incommensurate (I-) crystal phases has 
attracted a great deal of interest . These phases are characterized by the 
simultaneous occurrence of two or more periodicities which are incommen­
surate with respect to each other. This I-phase often occurs asan inter­
mediate phase between a high temperature normal (N-) and a low tempera­
ture commensurate (C-) phase, both having ordinary crystal structures. 
The commensurability implies a loss of translation symmetry in at 
least one direction of the crystal lattice, excluding any 3-dimensional 
space group symmetry. It has been shown by de Wolff2 and Janner and Jans-
sen
3
 that the symmetry of these systems can be described by crystallogra-
phic space groups in more than three dimensions, the so called superspace 
groups. Untili now this higher dimensionality of the symmetry group be­
came apparent only in X-ray and neutron diffraction data' and the morpho­
logical forms of incommensurate crystals* However, this superspace symme­
try should also lead to interesting consequences in the studies of the 
vibrational spectra as well Therefore, we have performed far-infrared 
(FIR) and Raman experiments on Rb„7nBr , known to have an I-phase between 
200 and 355 K J In the same way as the usual space group symmetry determi­
nes the selection rules for the optical activity of a normal crystal, su­
perspace symmetry determines the behaviour of the active modes of incom­
mensurate crystals. Accordingly, at the transition temperature to the I-
phase a change in the optical selection rules is to be expected, even if 
the average crystal structure stays the same. Apart from soft mode ef­
fects5 this had not been observed spectroscopically untili recently when 
Raman experiments on Na^CO, and Rb.ZnBr, showed the activation of extra 
/ J ζ ч 
internal modes. In this paper we will present a theoretical and experi­
mental study of the Raman and FIR spectra of Rb.ZnBr confirming this 
change in selection rules as derived from superspace symmetry A physical 
interpretation of these results can be given by means of a harmonic oscil­
lator model which incorporates the superspace translational symmetry of 
the problem. To study the dielectric response of such an incommensurate 
system, the effects of the incommensurability on the local electrical 
fields should also be taken into account. A first step is made to genera­
lize the existing theory in this respect. These results show the relevance 
of the superspace approach in Raman and FIR spectroscopy also Some preli-
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mmary results of these studies have been published before 
The transition to a C-phase below 200 К is not accompanied by obser­
vable changes in the selection rules. This might be in agreement with the 
idea that superspace symmetry is relevant for certain commensurate super­
structures as well . At still lower temperatures, the Raman and FIR 
spectra are strongly temperature dependent and show additional phase tran­
sitions at 113 and 56 K. Besides it appears that also these low tempera­
ture phases are connected to the modulation. 
This paper is organized in the following way: in Section II the expe­
rimental details are described, in Section III the FIR and Raman selection 
rules are derived using the superspace group of Rb.ZnBr,. The physical in­
terpretation as well as the temperature dependence of the modes in the 
I-phase are discussed in Section IV. The experimental results from the N-
and I-phase are treated in Section V, and those of the different C-phases 
in Section VI. A summary of all results is given in Section VII The de­
tails of our harmonic oscillator mocel and the dielectric response of 
that system are treated in the appendices A and B. 
II Experimental details 
The single crystals of Rb.ZnBr, were grown at roomtemperature from 
an aqueous solution of RbBr and 7nBr in a 2:1 molar ratio Crystals ob­
tained in this way were colourless though not completely transparant The 
orientation of the crystallographic axis was determined from the morpho­
logy and by X-ray measurements on the basis of a high temperature space 
group Pcmn5, For the FIR transmission experiments different thin plates 
were cut perpendicular to the a or to the c-axis, whereas transparant re­
gions were chosen for the Raman scattering. To study the FIR transmission 
above room temperature the samples were electrically heated in an evacua­
ted furnace equipped with standard FIR lightpipes. The temperature was 
measured with a Cu-constantan thermocouple. 
The measurements between 5 and 300 K, were performed in the chamber 
of a gasflow cryostat filled with He-gas where the temperature was measu­
red with a Au 0.03 % Fe-Cr thermocouple. As FIR sources a Michelson and 
Lamellar interferometer were used, as detector a He-cooled silicium bolo­
meter. For the Raman experiments the crystals were placed in a specially 
designed variable temperature cryostat with working temperature between 
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5 and 700 К As thermometers a Au 0.03 % Fe-Cr thermocouple and a platinum 
resistor (Pt-100) were used. An Ar laser (X=5l4.5nm) served as exciting 
radiation source. The scattered light was analysed at right angle with a 
double grating monochromator after which the signal was recorded with the 
usual photoncounting techniques 
III. Far-mfrared and Raman selection rules in the incommensurate phase 
In this paper we limit ourself to the situation of a one-dimensional 
displacive modulation, characterized by a periodic distortion with a wa­
ve vector q=q (1—δ) which does not fit on the underlying lattice periodi­
city of a basic structure obtained by disregarding that distortion. 6 < <1 
denotes the relative deviation from a commensurate wave vector q =k./p, 
where к is a vector of the reciprocal lattice Л * of the basic structure 
and ρ an integer 
The normal modes of a crystal can be classified according to irre­
ducible representations of its space group which are characterized by a 
set of wave vectors, the star of к given by (Rk|R £ pointgroupt а Since 
potentially infrared or Raman active vibrations correspond to the totally 
symmetric representation of the translation group for which k=0, we only 
need to consider the representations of the factorgroup one gets by consi­
dering the space group modulo the lattice translations 
Superspace group symmetry plays an analogous role for the vibrations 
of an incommensurate crystal. Though in this case the 3-dimensional latti­
ce translations are no more present, one can again classify the vibratio-
nal modes by ordinary 3-dimensional к vectors namely those of the recipro­
cal basic lattice Л* . Because superspace groups modulo the internal 
translations are isomorphic with 3-dimensional spacegroups, all the neces-
- > • 
sary representations are known. However, instead of restricting к vectors 
to a Brillouin zone, we now must consider к = к (modulo тгГ ) where тгГ is 
the projection on the usual space of the reciprocal lattice Σ* of the su­
perspace group. Σ* consists of vectors s* = (s*,s*) with s* = k+vq, к 6 Л* 
the reciprocal basis lattice (see below), ν an integer and s* = vb* is a 
unit vector of the internal reciprocal space1*. (This in fact means that 
the electromagnetic radiation will also couple to к = vq modes.) The cha­
racter of the representation is calculated with the help of formula 5.7 
from reference 13: 
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XÍgg.gj) = Xw · I exp[i(.k-vq)u -ivb+.Vj.] 
R b*=b* II 1 
j,j'=j (i) 
Here the elements of the superspace group are denoted by раігь of eucli-
dean transformations (g ,g ), where g acts on the 3-dimensional "exter­
nal" or "positional" space and g on the 1-dimensional internal space. 
χ is the character of the point group operation of the space group with 
elemerts g ; ν and R are the translation and the homogeneous part, res-
E 1 1 
Rb
n
7nBr. has an I-phase between T T = 355 and Τ = 200 К characterized 2 4 I с 
pectively of g = {R |v }. 
by q 
5 ι £ 
a = /ЗЬ) . The N-phase has spacegroup Pcmn (D„L), Ζ = 4 and the I-phase 
Ρ 
has presumably the superspace group Ρ Τ · The corresponding point groups 
are isomorphic with mmm. As a coordinate system in superspace we choose 
->- ^>- -*• -*-
the basis a, b, с and b where the first three span the basic lattice and 
b is a unit vector in the internal space. Then the superspace group is 
generated by the lattice^: 
(1,0,0,0),(0,1,0,0),(0,0,1,-γ),(0,0,0,1) (2) 
and the operations: 
^ = τη
χ>
 RI = I|v = ( Μ , ί , Η γ ) } 
{ RE = V Rj; = 'l· = (Ο,Ι,Ο,ί)} 
{RE = m z, R I = -l|v = (;,bJ,-h)> (3) 
The different normal modes belong to either of two classes. The first 
class belongs to b* = vb* = 0 and its character can be calculated with 
Eq. (1) yielding: 
x
(E,c^,c^,C2,i,a
z
,oy,ax) = (36,0,0,0,0,0,12,0) (4a) 
= (12,0,0,0,0,0,-4,0) (4b) 
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for the translational and librational modes respectively. For the ν ^ 0 
class, Eq (2) gives: 
χ = (72,0
>
0,0,0,0,2A(-)V,0) (5a) 
and χ = (24,0,0,0,0, 0,8(-)V+\Q) (5b) 
In the N-phase, the characters are the same as in Eq (4) so that the new 
active modes m the I-phase will follow from Eq. (5) Since to a good 
approximation the modulation can be assumed to be sinusoidal15, the main 
contribution will come from ν = 0 and ν = ±1 
Table I gives the factorgroup analysis of the normal modes m the N-
and the I-phase for ν = +1, showing that the extra activated modes are 
classified as: 16Ag + 26B, + 16B. + 26B., (Raman) and I5B, + 25B„ + 
Ig 2g 3g lu 2u 
15B0 (FIR active). 3u 
IV. The optical vibration spectrum of an incommensurate crystal 
I Introduction 
To study the vibration spectrum of a crystal one has to consider the 
->-
displacement field u-> , being the displacements from the equilibrium po-
->-
sition of particle j in the cell labelled by n. This labelling reflects 
the presence of translational symmetry and the latter allows to solve the 
equations of motion for u+ in the usual normal modes by reducing the par­
ticles to be considered to the finite number of those in the unit cell. 
This same simplification is not possible for an incommensurate crystal 
which has a unit cell of infinite volume in the 3-dimensional space so 
one has to deal with an infinite number of particles. 
To tackle this problem, one has started to study 1-dimensional mo­
dels ° _ in which modulated potentials or spring constants are used to si 
muíate the incommensurate situation. However, the physics of all these mo-
dels is probably too rich to be of practical use for the interpretation of 
experimental results as those presented here. Beside that, the simplifi-
cation due to the presence of superspace symmetry can not easily to be ma-
de explicit. Therefore, we constructed a simple harmonic oscillator model 
with modulated spring constants to describe the vibration modes of an in-
commensurate crystal like Rb ZnBr , taking the superspace translational 
symmetry of the problem into account. The aim is two-fold: 1) to identify 
1 
ТаЫ-е I : Faccorgroup analysis of Rt^ZnBr in the N- (Pcmn, v=0) and 
τ u ^r.Pcmn 
I-phase (P
 s s
-, v=l). N.A.T.R and I are numbers of normal mo­
des, acoustical, translational optical, librational optical 
and internal modes. 
D2h 
Ag 
Big 
B?g 
% 
Au 
В1и 
B?u 
B3u 
N 
13+16V 
8+26V 
13+16V 
8+26 V 
8+26 V 
13+16V 
8+26 V 
13+16V 
A 
1-t 
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1+ 
V 
V 
V 
τ 
6+6V 
3+12V 
6+6V 
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1+4V 
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1+4V 
2+2V 
2+2V 
1+4V 
2+2V 
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a
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У 
ζ 
Table II : Classification and assignment of ZnBr, internal modes in the 
4 
N-phase of Rb_7.nBr. . 
ζ 4 
Mode Molec.iFreq. Molec. Symm. Site Symm. Crystal Syrnrn. Observed,A modes 
(cm"1) (cm" 1 ) 9 
V l 
V2 
v 3 
V4 
172 
63 
210 
82 
T d 
A l 
E 
F 2 
F 2 
Cs 
A' 
A'+A" 
2Α·+Α" 
гА'+А" 
Ρ 
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У
В 2 д + В 1
и
+ В
З
и 
А
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lu Zu 3u 
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+ 2 B 3 u 
г
У
В 1 д + г в 2 д + В З д + А и 
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78 
203,226 
90.100 
+2В, +В, +2В, lu 2u 3u 
the new modes predicted by group theory, 2) to explain their temperature 
dependence. In our model the modulation will be expressed by a periodic 
variation of the spring constants17. 
We consider a crystal with a one-dimensional displacive modulation 
with wave vector q along the c* axis. The symmetry adapted displacement 
field of such a crystal has the form: 
i(k ma+k Ib+k nc-ut) 
with 
u. (τ) = u.(qnc+T)e (6a) 
U.(T) = z Ì V V T v e z . (6b) 
This corresponds to a Bloch ansatz taking into account the superspace 
translational symmetry of the dynamical system which implies in particu-
lar the periodicity in the internal coordinate τ as expressed in Eq. (6b), 
based on the periodicity of the modulation wave, and of the spring cons­
tants respectively. 
Referring to the relative strong binding forces within the ZnBr te-
trahedra we will study the "lattice" modes and the internal tetrahedron 
vibrations separately. The details of the model are contained in the appen­
dix, here we will give the main results. 
2. The lattice modes in the I-phase 
We will consider the crystal as being build up of chains of dipoles 
consisting of the Rb-ions and the ZnBr.-ions, connected by a spring cons­
tant a. The coupling with the rest of the lattice goes via two kinds of 
nearest neighbour interaction: one between the ions in the chain and one 
between the ions of neighbouring chains, represented by the spring cons­
tants β and ξ., respectively (see Fig. 1), where i labels the chain and j 
denotes the direction of the coupling. Further, we take modulated spring 
constants for the nearest neighbour interactions along the c-axis which is 
a necessary and sufficient assumption to simulate the modulation (see also 
ref. 17 and 18): 
β = β + (5cos(qnc + τ) (7a) 
c c 
ξ" = ξ. + pcos(qnc + τ) (7b) 
ie ie 
where δ and ρ may depend on the modulation amplitude, whereas the internal 
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о« 
о 
ЯШгф-
• Rb 
О znBr^  
Rb 
U, ZnBr, 
Fig. 1 • Part of the structure of Rb ZnBr, consisting of chains of Rb-
and ZnBr,-ions (below) and the schematic picture of our dipole 
model for a chain along the b-axis; the different spring con­
stants are as explained in the text. 
dipole spring constant α is considered as left unperturbed by the modula­
tion. The equations of motion result in an infinite set of coupled Fou­
rier components u of bq. (6b) with a parametric dependence on the variable 
τ which describes the dependency on the internal dimension. Taking only 
one component labelled by ν and neglecting coupling with ν' ^ ν we get 
the following results for the square of the eigenfrequencies (k =k =0): 
2 2 8 £ 2/ vq + k z\ , /u ri 2\ 
ω
ζ
 = ш^ - — — — sin^(—~ )c + (h.o. terms in ξ/ω^) m +m, 
ο 1 
ia m +m1 
о 1 
ξ о ,vq+kz. ,, _ , η. 
•7— sin z(—h.—)c + (h.o. terms in ξ/ωζ) 
(8a) 
(8b) 
for the optical and acoustical branches respectively, with ω the normal 
о 
optical frequency In the N-phase the term with ν = 0 is not coupled to 
the others (no modulation) and at к = 0 we have the ordinary optical 
ζ 
(ω ) and acoustical (ω=0) solutions; in the I-phase new modes are expec­
ted because of the presence of ν ^ 0 terms, consistent with the selection 
rules as derived above. 
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This zeroch order approximation shows Che predicted activation of new 
modes but by neglecting any coupling the effect of the temperature depen­
dent spring constants б and ρ have been dropped out. In the next degree of 
approximation we consider the modes ν and v±l as decoupled from the re­
maining ones, and take vi = 0, yielding· 
(9a) 
(9b) 
ω
2 
10 
ω
2 
ia 
ω
2 
IO 
= 
= 
(ν= 
< + 
0 
• + 1 ) . 
Ρ
2
Χ 
-»ι — Ι — sin
2
 (-ЗН) +(h.o. terms in ξ/ω2) (9c) 
m +»11. ζ о 
о 1 
о""1 
и
2 ( =±1) = —— sin2(^-) +(h.o. terms in ζ/ω2) (9d) 
ia m +m 1 ¿ о 
where X is a positive number depending on the masses and spring constants 
In this order, this gives the following interesting result the original 
ν = 0 mode is perturbed through ρ , but the new modes remain unaffected. 
Where the above derivation holds for chains along the a- and b-direction, 
a similar result is obtained for the c-direction where now ω 2 is perturbed 
by δ2 only. 
3. The internal modes m the I-phaqe 
The effect of the modulation on the internal ZnBr, modes can be deri-
4 
ved in a similar way. As a model we assume the crystal to be made from 
chains of tetrahedra and represent each tetrahedron by a sphere of 
massm.C^A m ), containing a particle of mass m ( = m ), connected by a 
I Br o Zn 
spring constant a. In the chain we consider two kinds of nearest neigh­
bour interactions: one between inside- and outside- and one between out-
side-particles of different spheres, represented by the spring constants β 
and γ respectively. The coupling between neighbouring chains is represen­
ted by a spring constant ξ where ι denotes the direction of the chain 
and j that of the coupling (see Fig 2). Again, we take modulated spring 
constants for the nearest neighbour interactions along the c-axis: 
β" = В + <5cos(nqc + τ) (10a) 
с с 
γ = γ + ccos(nqc + τ) (10b) 
c c 
ζ" = ξ + pcos(nqc + τ) , (Юс) 
1С 1С 
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sööööötööoeo-
wwww 
ß 
Zn 
A Br 
F i g . 2 : Schematic picture of our tetrahedron model for a chain along the 
a-axis; the different spring constants are as explained in the 
text. 
where f, ε and ρ m?y depend on the modulation amplitude and where τ is the 
internal coordinate (the index ι stands for a or b). For the corresponding 
displacement field u (j = 0 or 1) we look for "normal mode" solutions 
of the form of Eq. (6). In zeroth order (taking only one component u in­
to account) we get, apart from the acoustical modes the following solu­
tions : 
for i=a,b· 
4ς 
U¿ + sin^  (——) + (h.o. terms m ζ la¿) 
o m z ie о 
V , 
? с τ ,vqc, ., , z. 
.ι/ + sinz (—3—) + (h. ο. terms m γ /ω ) 
o m , 2 с о 
(Па) 
(ПЬ) 
with ω = (α+2β )/μ and μ = m,m /(m,+m ). In the N-phase only the term 
ο ι 1 о 1 о 
ν = 0 is relevant (no modulation) and we have 3 optical modes with diffe­
rent frequencies depending on 3 ; in the I-phase new modes are expected 
because of the presence of ν φ 0 terms, consistent with the derived selec­
tion rules and the results for the lattice modes. However, in the next 
approximation (taking the coupling of ν and v+1 into account) an asymme­
try manifests itself for the a and b direction on one side, and the c-
direcrion on the other. The results are: 
m 
ω? = 
1 
ω
2
 = 
с 
ω
? = 
1 
ω
2
 = 
с 
C I . + 2 S . 
1 1 
μ 
a + 2 S 
с с 
μ 
α . + 2 β . 
1 1 
μ 
V 2 B c 
U 
+ 
+ 
+ 
ε
?
χ 
4 ζ . 
1 С 
m 
4 Y ; 
m, 
(12a) 
(12b) 
ν=±1 ш'і = — ^  - ^ sin2(-^-) + ρ2Υ (12c) 
sin2 (ψ-) (12d) 
where X and Y depend on m , m and on the spring constants. Again, to this 
order, this gives the following interesting result: for the a- and b-direc 
tion the original ν = 0 mode remains unaffected and the new ν = +1 mode is 
perturbed via p 2; the opposite happens for the c-direction, where the 
ν = 0 mode is perturbed and the new one not. 
4. The dielectric response in the I-phase 
In order to describe the behaviour of a dielectric medium under the 
influence of an electric field we must take into account the polarization 
giving rise to an effective local field inside the crystal. The relation 
between this local field and the external applied field is generally given 
by a tensor and will depend on the lattice symmetry. In addition, in in­
commensurate crystals one should also consider the implications of the 
modulation on the local electrical field L,. In appendix В this is 
done for our harmonic oscillator mode] yielding a Fourier decomposition 
of E. with respect to the internal coordinate τ: 
E 1 = Σ E
V
 е
І Т
 (13) 
ν 
The resulting coupling of ν with v' jí υ terms can be interpreted as the 
appearance of an effective field E': 
E' = (l-p2F)E (14) 
where E is the external applied field and F is a frequency dependent func­
tion having a resonance near ω (v±l) (see Fig. 3). Consequently the 
dielectric response function will not only show resonances near ω (ν) but 
also near ω (v±l). These two resonances are mutually coupled; therefore 
the changes in ω (v±l) can be observed indirectly at ω (ν). This is con-
Fig. 3 . Schematic picture of dielectric 
rebponbL of a crystal for a 
modulated oscillator model, 
showing that the effective elec­
tric field gets a resonance near 
the frequency of the ν = ±1 mode. 
Below the resulting far-infrared 
transmission is plotted. 
sistent with the basic fact that in incommensurate crystals, the "normal 
modes" are not decoupled even without anharmonicity. 
V Experimental results in the N- and I-phase. 
1• N-phase spectra 
Raman scattering experiments were done principally in the c(bb)a geo­
metry i.e. the A modes were studied referred to the point group symme­
try mmm, and FIR transmission experiments were performed on thin plates 
cut perpendicular to the a- and c-axis. In Fig. 4 the temperature depen­
dence of the observed A Raman lines is plotted, together with two of the 
most interesting B. modes. From Table I we see that one expects 1 ЗА mo-
•g g 
des of which all six internal modes and four lattice modes could be dis-
tinghuished (see also Table II). Fig. 5 shows the FIR transmission along 
the a- and c-axis. The crystals appear to be practically opaque below 
300 cm except at the low frequency end (< 30 cm respectively 15 cm ) 
and a small region around 150 cm . Above 300 cm the crystals become 
transparant with still a double absorption band with minima at 405 cm 
-1 ->• -1 -1 •+ 
and 426 cm for the a- and at 390 cm and 425 cm for the c-direction 
respectively This is the typical picture of a harmonic oscillator system, 
with zero transmission between the transverse and longitudinal optical 
modes. In Rb.ZnBr, the softest direction is along the b-axis (see elas­
tic constants of ref. 14) and from Table I we see that in the N-phase two 
11* 
2A0 
220 
i- 200 
E 
υ 
Ι - 1Θ0 
Ю
 1 0 0 
>-
о 
Ζ во 
LU 
σ 
Ш 60 
40 
20 
Rb-,ΖηΒη »cíbbja scattering Απ 
Γ
 ob(cb)a „ В^ 
Pcmn г, 
Pcmn PI2,1? ΡοΣ,η Ρ ssT 
•—л 
· — « - J — · — · 
• ·— 
·—· ·—··-
— · — · — . _ ' 
I 
-· ·- · · · — · 
- //с 
- 1 
- //a 
- · ' ^ о-
^ · -2=-í>-íiOri5-.°-=--°--í-° : 
:=i 
- · - · · - · · - . • —. ·-
200 400 T(K) 
Fig. 4 : Frequency sliift of observed Raman lines as a function of tem-
perature for the c(bb)a orientation and of two В modes in 
the b(cb)a orientation. The new activated modes in the I-phase 
are indicated by numbers, a and с denote the polarization of 
the two v, modes. 
117 
100 
FREQUENCY (cm-1) 
200 
Fig. 5 : Far infrared transmission of Rb^ZnBr. at roomtümperature 
a) along the a-axis. 
b) along the c-axis. 
b-polanzed infrared active B. modes are expected. Neutron scattering ex-
zu ' ° 
perimenti yielded one branch at 31 cm of this polarization5. Because of 
the fact that this branch did not show any softening as should be expected 
and also is observed m isomorphic structures19, there must be an even 
lower branch present here. From our low temperature measurements if follows 
that this branch is situated around 22 cm (at least for k=0). An es-
timate for the longitudinal frequencies can be made from the Lyddane-
ω, ε 
Sachs-Teller relation —-= / — , yielding ω, ~ 52 cm for the 31 cm" 
ω £„ ö lo 
mode. From Table II it also follows that all the internal tetrahedron mo-
des are infrared active. Because in Rb„ZnBr, these internal modes have re-
2 4 
latively low frequencies (see fable II), there is only a small region of 
non zero transmission around 150 cm , i.e. the frequency region between 
\> and M, internal modes at one side, and the v. and ν modes at the other 
side (Note, the usual ν notation is used to indicate molecular vibration 
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modes, not to be confused with our ν label of the superspace). The absorp­
tion bands at higher frequencies belong probably to librational modes of 
the tetrahedra. 
2. Soft mode 
The transition from the N- to the i-phase is thought to be driven by 
a soft optical mode at к = q which is neither FIR nor Raman active. We 
have shown previously that this soft mode can yet be observed in a FIR 
transmission experiment by making use of the coupling between к = 0 and 
к = q modes (see Fig. 6). This can also be understood from our analysis 
in Section IV, which within our approximations also applies to commensu­
rate modulated phases. Below Τ this soft mode gives rise to two new 
types of modes, the so called amplitudon and phason modes, originating 
from fluctuations of the amplitude and phase of the modulation respecti­
vely. The amplitudon mode behaves as a normal soft mode. In Fig. 4 a tem­
perature dependent mode of the required polarization is observed in the 
Raman spectrum around 15 cm in the I-phase; however, due to the crossing 
with a mode at around 13 cm and the weakness of the signal on approaching 
Τ it was not possible to measure its exact temperature dependence unam­
biguously. This same problem was also reported by Takashige et al.2^ and 
is contrary to that observed for K.SeO , where the amplitudon mode strength 
increased on approaching Τ . The phason mode has probably zero frequen­
cy in the whole I-phase and can only be seen from a broadening of the Ray-
leigh peak in the Raman spectra, as is indeed observed near the lock-in 
transition in К SeO, . Unfortunately, this was not possible in our pre­
sent Raman experiments. 
3. New activated Raman modes in the I-phase 
In Fig. к the following three new modes can be seen from the Raman 
experiments: at 206 cm (1), at 83 cm (2) and a very weak one at 
44 cm (3) (see also Fig. 7). In addition, a number of modes ((1) and 
(2) as well as the mode at 226 cm ) increases in frequency with decrea­
sing temperature. These results are in agreement with the predicted selec­
tion rules and the analysis given in terms of our model in Section IV. 
The two modes at 203 and 226 cm in the N-phase originate from the inter­
nal v» tetrahedron mode, which is a 3-fold degenerate mode for a free 
ZnBr.-ion, with all Br-ions moving in phase against the Zn-ion with a fre-
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quency of 210 cm 2 . This mode can be analyzed with our harmonic oscilla­
tor model: placed in the crystal the degeneracy (a uniform) will be re­
moved by the anisotropic coupling constant β : ω 2 = (a+2R )/μ. In the A 
representation only ω and ω can be observed. Regarding the mutual dis­
tances of the tetrahedra along both directions and the elastic constants 
it follows that ρ > β so that ω > ω Therefore the three highest fre-
c а с a
 0 
quency modes in the I-phase can be assigned as ω (v=0) = 226 cm , 
-1 c -1 
ω (v=+l) = 206 cm ( Ξ 1 in Fig. 4) and ω (v=0) = 203 cm From Fig. A 
we see that the first two, i.e. the c-polanzed ν = 0 mode and the a-po-
larized ν = +1 mode both shift as a function of temperature, in agree­
ment with the conclusions of Eq. (12). The В mode at 80 cm is pre­
sumably a υ 0 internal mode
7
 so that the new one at 83 cm will be a 
Ig 
i n t - t i T - n a l m i - i / ^ o ' ^ о л t-Vi з ί- t-1-iQ τ-ιαι 
v9(v=±l) mode Again in qualitative agreement with Eq.(l2), the latter al­
so increases in frequency with decreasing temperatuie. The mode at 44 cm 
might be a ν = +1 lattice mode. The observed temperature dependences en­
tering through the modulation dependent spring constants (δ, с and о, see 
Eq. 7 and 10) reflects the change of the modulation amplitude, because in 
Rb„ZnBr, the temperature dependence of the modulation wave vector q is ne­
gligible . If the observed shift of the ω (v=+l) mode is described pheno-
menologically by 
ш
а
( =+1) = ω
ο
(1+α(Τ
Ι
-Τ)β) (15) 
-3 
one gets as fitting parameters α = 5.2x10 and β = О.ЗУ^О.ОЗ, for 
ω = ω (T=TT)= 206 cm , which is in excellent agreement with recent NMR 
о a 1 „ 
experiments" yielding for the modulation amplitude u = u (Τ -T) with 
β = 0.35. The fact that the modulation has the biggest effect on the in­
ternal modes is consistent with recent X-ray studies26 showing that the 
modulation mainly consists of large rotations of the ZnBr,-tetrahedra 
4. New activated FIR modes in I-phase 
In Fig. 8 details of the low frequency part of the FIR transmission 
spectra are plotted, showing the activation of ν = +1 acoustical modes 
around 12 cm in accordance with the conclusions of Section IV, Eq. (9) 
and (14). As expected, the observed effect is small because the polariza­
tion vectors are still mainly acoustic like, despite of the mixing with 
к = 0 modes. The frequencies are in good agreement with the neutron expe-
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Fig. 8 : Low frequency part of Che FIR transmission showing the activa­
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In the spectra measured along the c-axis, the resonance at 
I I cm in the N-phase, splits up in two below Τ . At the inset 
in the right top corner the dispersion curves are shown as 
measured by de Pater et al. . 
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riments from de Pater et al. (shown m the inset) and from those we can 
conclude that the lowest mode originates from the a-polarized transversal 
mode (T ) and the other from the b-polarized transversal mode (T ) . Pos-
a b 
sible effects at higher frequencies could not be observed because there 
the FIR transmission is already zero so that additional absorption can not 
be seen. 
VI Experimental results in the commensurate phases 
1. The lock-in transition 
The transition from the I- to the C-phase at Τ = ¿00 К does not cau-
L 
se drastic changes in the optical spectra. Л11 the temperature dependent 
modes, including the soft amplitudon mode, go continuously through this 
transition point with the exception of the Β (v=±l) mode around 83 cm 
(see Fig. 4). The latter increases linearly with decreasing temperature, 
but with a discontinuous change of the slope at Τ : 0.03 cm /K above 
-1 c 
and 0.05 cm /K below Τ . This temperature dependence resembles that of 
a phason like excitation2 ; in the same geometry Inoue et al. observed 
the soft phason in К SeO, . However we were unable to see this soft mode. 
The smoothness at this lock-in transition shows that despite the 
first order character of this transition, several quantities change con­
tinuously at Τ . This is m agreement with the experimentally confirmed 
sollten model ° 3Ü in which the transition is seen as a growth of commen-
surate domains at the expense of the incommensurate boundaries. 
The fact that the selection rules do not change at Τ might indicate 
that in this respect the commensurability of the modulation is not a fun­
damental property, and that the superspace approach can also be used in 
the C-phase. This means that, though not strictly necessary there, the 
superspace approach can also be a helpful tool to analyse commensurate 
structures as well, as it might contain more structural information than 
the ordinary space group of the same crystal (see for example ref. 9 and 
11). 
2. Second commensurate transition 
Recently there have been indications for a new phase transition in 
Rb„ZnBr, at Τ =113 К 3 0. In Fig. 9 part of the Raman spectra are plotted 
showing the appearance of new modes below Τ at 60, 80 and 90 cm . In 
Fig. 10 the temperature dependence of the activated ν = +1 acoustical 
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acoustic Τ mode, showing a minimum at about Τ = I 13 K. 
modes in the FIR spectra along the c-axis is plotted, showing a minimum of 
the lowest mode at Τ = Τ whereas the two ν = μ1 modes coïncide at lower 
о 
temperatures. These results indicate a phase transition driven by a k/0 
soft mode: in the C-phase all k=0 optical modes are Raman as well as FIR 
active but no soft mode was found here in neither of the spectra. Besides 
all representations are 1-dimensional in this orthorhombic phase so that 
a mode splitting due to the removal of degeneration is not possible. Suple-
mentary dielectric constant measurements have shown that the peak in ε(0) 
only occurs in the a-direction31. Therefore we conclude that these effects 
are probably caused by a mode softening at the BriliOuin-zone boandary of 
a a-polanzed optical mode. This is also confirmed by Raman experiments 
at low temperatures of Francke et al. 3 2 ndicating a mode softening but 
only far below Τ . However, their extrapolation to Τ = 140 К seems to be 1
 о о 
too high. Because the experimental results indicate a second-order charac­
ter (see Fig. 9 and reference 30), we propose a possible transition to a 
phase with space group P12.1, though there are no structural data present 
to confirm this hypothesis. 
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3. Third commensurate transition 
Previously we have reported a new phase transition around 50 К accom­
panied by a change of the FIR selection rules33. This was further suppor­
ted by dielectric constant measurements showing a peak along the a-axis30 
from which it was concluded that the transition takes place at 56 K. 
Additional ε(0) measurements show also a peak in the c-direction3 . A 
careful study of the low frequency part of the FIR transmission spectra 
gave the following result: at 22 cm there is a very strong optical mode 
which strongly broadens with increasing temperature with a discontinuous 
change at 56 К (see Fig. 11). This mode is strongly active in the spectra 
measured along the c-axis and weaker but also present in those along the 
a-axis. Therefore we conclude that this mode has a polarization in the 
a, b plane. Comparing these FIR data with the temperature dependence of 
ooi//. 
ПсггГ
1) 
FREQUENCY (cm-1) 
Fig. II : Temperature dependence of low frequency part of the FIR trans­
mission spectrum measured along the c-axis. The temperature de­
pendent mode at ±23 cm is the amplitudon mode. Its broadening 
is plotted m the inset, showing a discontinuous change at 
T' = 56 K. 
о 
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the Raman lines in Fig. 4, it appears that an extrapolation of the linear 
shift of the amplitudon mode exactly coincides with this strongly tempera­
ture dependent FIR active mode. This mode at 22 cm can thus be assigned 
to the amplitudon mode, and consequently this low temperature phase seems 
to be directly coupled to the modulation wave. Because the latter consists 
of large rotations of the ZnBr, tetrahedra this will also cause displace­
ments in the a-direction. 
VII. Summary 
In this paper we have studied the specific features of the optical 
spectra of an incommensurate crystal, using Rb„ZnBr. as an example. The 
Raman and FIR selection rules for the I-phase are derived from the su-
perspace group symmetry and the predicted activation of new modes is ex­
perimentally confirmed. The physical origin of these new modes as well as 
their temperature dependence can be explained with a simple harmonic 
oscillator model using modulated spring constants and superspace symme­
try adapted normal modes. The dielectric response of such a system is 
also derived and is in agreement with the experiments. The change from an 
incommensurate to a commensurate modulation does not seem to have much 
effect on the vibration modes. At lower temperatures there appea' to be 
two more phase transitions of which the lowest at 56 К can be related to 
the amplitudon mode 
12? 
APPLNDIX A 
Harmonic oscillator model for an incommensurate crystal. 
We consider the crysLal as being built up of chains of dipoles re­
presented by a particle of mass m and one of mass m connected by a 
spring constanta and mutually coupled via the spring constants β in the 
chain and ξ between the chains, where ι labels the chain in consider-
ation and j denotes the direction of the coupling (see Fig. 1). We must 
distinguish chains parallel and perpendicular to the modulation wave 
vector q//c , and assume modulated spring constantsalong the c-direction: 
β = β + 6cos(qnc+-r) Ala 
ζ = ξ + pcos(qnc+T) Alb 
1С ic n 
where ρ and б may depend on the displacive modulation amplitude and thus 
are temperature dependent and τ is the internal coordinate. The dipoles 
are labeled with m and η where m is the running index for the a or b 
and η for the c-axis. Ihe equations of motion for the displacements u 
then become. 
for ι = a or b: 
nm . nm nm. „n. nm nm-1. 
m 0 u i 0 ° " " і Ч с Г Ч і ^ і ^ і О " " ! ! ) 
-Çn(un";-un-|m)-?n+1(un";-un;lm) A2a 
je lO il ic I O il 
..nm , nm nm. „n+1, nm nm+K 
miuii = - ' Ч Ч г " 8 ! ( и іГ и іо ) 
„η, nm n-lm4 ,n+l, nm n+lrru „_, 
-
ξ
κ:
( υ
ιΓ\0 ^ і с ( υ ι Γ \ 0 ) A 2 b 
whereas for the c-direction ζ becomes ξ . To solve these equations 
ic ci 
we look for "normal mode" solutions of the form of Eq. (6). Substitution 
1VT 
m Eq. A2 and taking terms with the same factor e yields the follow­
ing infinite set of coupled equations: 
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ν— Ι ν ν + 1 
A u + D u + B u = 0 v e Z A3 
ν ν ν 
> • 
where u stands for (^). In the following we will only conbider the a-
direction (and drop the index i for convenience), giving the results of 
the b and с chains which are derived in a similar way at rhe end. Putting 
к = к = 0 for the optical modes, the matrices Л, D and В are given by: 
χ у 
2 ( k
z
+ v t l ) c 
a-m ω" -(a-AÇsin ( 
D = I J Л4а 
2 (к +vq)c 
-(a-4Çsin ( s—) 
l+elqC -f(v+l) 
l-f(v+l) l+elqc 
Α
υ
 = f I - 1 ЛАЬ 
Ρ 
'l+e l q C -f(v-l) 
ν M - r ^ - D
 1 + e-iqc 
A4 с 
ι г, т^ j г^ .ч -i(q(v+1 )+k ,)c i(vq+k y)c 
where a = α+β+2ζ and f(v+l) = e M — ^ + e H ¿ . In zeroth 
order we consider only one Fourier component labeled by ν and neglect 
coupling with other components ν'^ i.e. we take A = В = 0 . The eigc 
frequencies are calculated from || D || = 0 yielding: 
ω = — - — sin ( τ ) + (h.о. terms m t, - ) Aba 
о u niQ+mj 2 ' μ ' 
2 8ζ 2.(vq+k
z
)c4 . ,,
 u
 , ,a. 
ω = — - — sin ( , z ) + (h.ο. terms m ξ/—) 
а Ш 0 + Ш ] μ 
A5b 
for the optical and acoustical branches respectively, with μ = m m /m +m . 
In the N-phase the ordinary solutions for к = 0 are given by the 
term ν = 0 and we have 
1¿9 
Аба 
A6b 
In the I-phase new modes are expected because of the presence of v^O 
terms, consistent with the belection rules as derived above. For υ=+1 
they are: 
2/ , χ a 
ω (v=+l) = -
ο — μ 
8Ç 2.qc. 
— τ — sin (-τ-) 
ra
o
+mi 2 
A6c 
ω (v= + ]) = — \ — sin Pr-) 
a — m. +m 2 
A6d 
This zeroth order approximation shows the predicted activation of 
new modes but by neglecting any coupling the effect of the temperature 
dependent modulation constants δ and ρ have been dropped out. In the 
next approximation we consider the set of 3 modes ν and v+1 as decoupled 
from the remaining ones. The determmantal equation yielding the eigen-
frequencics now gets the form: 
v-1 V l 
D 
V 
V l 
0 
в 
V 
D
v + I 
A7a 
which can be written аь: 
Δ = Δ , · Δ ( 1 ) - Δ ( 1) = 0 
ν-1 ν v+1 А7Ь 
where 
D'-'VD - A D ' B , 
ν ν ν v-1 v-1 
A ( !> - A 
ν ν 
в
( 1 )
=в 
ν ν 
A7c 
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ν 
,(1)ι 
etc. 
As discussed above in the present case v=0 and v=+1 ^re the relevant ones. 
After some algebra, Λ appears to factorize in the following way: 
Δ
 =
 Δ
_ 1
{ Δ
0
Λ
1 ~ Ρ
 ω
 (_2cos (^•)( т 1
+ т
0)|( т 1 + г п 0) ш " € а с ь 1 П (^} AS 
Because Δ = ω (m +m ω -(a+3+2Ç) (m +ш ) ) the terni ω can аіьо be taken 
out of the brackets leading finally to the following result: 
a) for ρ = 0 wc get the solutions obtained from the unperturbed 
determinants ώ and Δ (= Δ ) as in Eq. A6 
b) for ρ ^ 0 we ьее that Δ = 0 and ω = 0 remain good solutionb for the 
first order perturbation and that only the original \> - 0 optical 
mode is perturbed. The latter can be calculated leading to 
ω 0 ( Τ ) ^(τ,) + P
2X A9 
where ω_(Τ ) is the value at the transition temperature Τ , and X is a 
positive number depending on m , m and a. From Eq. Λ9 we see that in 
2 U 1
 2 
the 1-phase ω becomes temperature dependent via ρ causing a positive 
shift in frequency. 
The solutions for the b-direction are exactly the s ime while those 
for the c-direction are: 
л 2 a
 P2T, for ν = 0: ω„ = — + δ Y 0 μ AlOa 
AlOb 
ν = +1 : ojjr(v^ l) a -4β(α+2ζ)5ΐη
2(·^) 
μ (m0+m1)(a+2C+ß) Al Oc 
ω (v+1) 48(α+2ζ)5ιη
2('^·) 
Al Od 
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The effect of the modulation on the internal (ZnRr.) modes can be 
ц 
derived in a similar manner, only the meaning of the different force 
constants is slightly different. For simplicity, we wil] represent the 
tetrahedron by a particle of mass m (Ξ Zn) surrounded by a sphere of 
mass m representing the surrounding Br's. This picture is a good 
approximation for the internal ν mode whereas qualitatively it will 
hold for all the internal vibrations. Between m and m we assume a force 
constant a, whereas two kinds of nearest neighbour interaction connect 
the spheres: one between inside and outside particles and one between 
the outside particles of different spheres, presented by the spring 
constants β and γ respectively. The coupling with neighbouring chains 
of spheres we will assume to go via the m 's only with a force constant 
ζ., (see Fig. 2). Again the spring constants along the c-axis are modula­
ted as: 
Β, = β + 6cos(qnc+T) Alia 
γ = γ + ccos(qnc+T) Al lb 
ζ - ζ + ocos(qnc+T) Alle 
ас ас 
In ¿eroth order approximation neglecting the coupling between the modes 
we get apart from the acoustical modes the following solutions: 
for i = a,b 
, ct.+28 4ξ.
 2 
ы. = — - + — — sin (^) + (h.о. terms in ζ. /ω.(ν=0)) A12a 
ι μ m 2 ic ι 
for i = с 
, ο. +2β 4γ , 
ω = — + sin (—77—) + (h.ο. terms in γ /ω·(ν=ϋ)) A12b 
с μ m z c i 
As for the lattice modes we see that in the I-phase for ν î* 0 new modes 
can become active in the optical spectrum. However, in the next approxi-
mation, taking the coupling of м and ν +_ 1 into account, an a-symmetry 
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shows up für che a and b direction on one side and the c-directiüii on 
the other side. Calculating the matrices A and 13 it appears that for 
ν ν 
i = a and b 
Al0 = Aj = B ^ = lij = (θ) (A13) 
'ibis implies that the first order perturbation will not affect ω.(ν=0) 
but only UI.(V=JH) whereas for the c-diroction the ν = 0 mode is per­
turbed. The determinantal equations get the form: 
for a, b: 
Δ 0 · Δ ^
0
 · Δ ^ = Δ 0{Δ 1Δ 2 - p
2X} A14a 
for с: 
Л_| · Δ ^
0
 · A J 0 = Λ_ 1{Δ 0Δ | - L
2Y} Al ¿ib 
where X and Y are functions of the force constants and masses. This means 
that for the internal modes we have the following results: 
a) for ρ = с = ϋ we have the unperturbed determinants Δ and Δ giving 
the solutions of Eq. Ali 
b) for ρ φ 0, ε φ U we see that for the a,b direction Δ
η
 = 0 remains 
and that the ν = +1 mode is perturbed whereas for the c-direction 
Δ = Δ is unaffected and the original ν = 0 mode gets perturbed. 
From Eq. A M we can deduce: 
τ α.+2(3. 
« 2 ι ι . ,
 c 
ν = ϋ ω. = А15а 
ι μ 
α +2β 
ω = — + e Y' A15b 
с μ 
, α.+2β. 4Ç. , 
ν = +1 ω = — + — — sin (З^) + ρ Χ' А15с 
- ι μ mj ¿ 
- α +2β 4γ , 
ω = + sin (-V) A15d 
с μ m 2 
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APPENDIX В 
DieleLlric response of an incommenburatc crystal 
To study the optical properties of our incommensurate system we 
must considLr the response to the AC electric field associated with 
the electromagnetic radiation. In tilt long wavelength approximation we 
now must include charges ζ and ζ = -ζ on the ions in our model 
resulting in a term +7 E on the right hand side of the equations of 
motion. С is the local electric field acting on the ion, and depends 
on tne applied external field and the internal dipole field We will 
ignore the atomic polarization and only consider the dipole moment due 
to the displacement of the charged ions by the electric field. The 
resulting electric dipole field is given by 
E (n ) = — L Bl 
ρ 3 -i- .-»-ο ι •* >ο ι 3 
с nfn η-η 
where 7 is 1? or -ζ for the longitudinal or transversal modes res­
pectively and с the lattice constant along the c-chain. To calculate 
the lattice summation of Lq Bl we must insert the displacement field 
of the modulated crystal (Lq. (6)). Doing this and making a Fourier 
decomposition with respect to τ one arrives at the following expres­
sions for the local electric field L„ 
£, = έ 0
 +
 Ι (η0) = l ^ ( ^ т ) е 1 Т В2а 
ν 
with for ν = О 
Г = E0
 +
 z(u^-í°)el5-"OS'(0|k,3/2) В2Ь 
and for ν φ ϋ 
V - J(Í;-^)el(¿+^)-"0s.(olÍ+^(3/2) B2c 
1 s 
where S' i s t h e l a t t i c e sum 
.^ i k . n 
S ' ( R , k , m ) = 1 ^ B2d 
"*• i~Z ι "*• "^ ι ¿τη 
n^R n-R 
Putting this into the equations of motion (Eq. (8)) we now get the fol­
lowing infinite bet of coupled equationb.· 
for ν = 0 A u " + D u 0 + В u = ( 7 ) E ВЗа 
for VjíO A u V + D u V + B u V + = ü B3b 
ν υ ν 
where D„ and D now contain the local field term S'; they are the same 0 ν ν 
as m Eq. AAa if one just replaces a by a + S'. From Eq. B3a we sec 
that only the ν = 0 term is directly driven by the frequency of the 
external field whereas the ν φ 0 terms require the frequencies of the 
modes i.e. they are suppressed except for the resonances. We can make 
use of this fact to solve these inhomogeneous equations if we also 
assume that ω(ν=0) φ ω(ν=+1) i.e. Δ φ Δ.. In that case we can consider 
two regimes, one tor ω " ω
η
 (= the resonance frequency ω(ν=0)) and one 
for ω ί ω». As before we will consider ν = 0 and ν = -ι-1 . brom Lq. A4 
it follows that В = A = (&) so that in the regime Δ ^ 0 we can 
1 - 1 
solve u and u leading to the following set of equations: 
^(1)1 -1 
-Dj 'u + Cu = Ζ B4a 
C u - D u = Ζ B4b 
'•ь-1 ^і-І - ζ . ^ ( 1 ) 
where С stands for A,D„ A„ and Ζ for A,D„ ( )E. Because D, is real, 
55 1 0 0 1 0 ζ 1 
it follows that u = u~'. Because С << U^') we will neglect this 
1 - 1 1 
coupling term between u and u , in this way we get for u : 
1 -¿aE
 O C 
U0 " ^(1). 2 B 5 a 
Δ /m. ω 
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o(ra1-nlo)(l+e
lqC) 
with α = — -г . Ihc wiggle at the determinants denotes that 
2Δ0/ω 
Eq. ВЗа this yields 
they contain the dipole term S . Inserting Eq. B5 into the mhomogeneous 
0 
with 
D u 0 = (|-p2F)( ¿)E B6a 
2 2 2 2cos (qc/2)(ra -m ) 
F = = •,' -U Bob 
Δ /ω Δ '/ω 
For ρ = 0 (no coupling) this leads to the classical result: 
о ^
 r
 ~2 d- S0 
O -< 2/ m|> 
u
]
=
^^r
L
 B7b 
ω -ω 0 
For ρ φ 0 the coupling can be understood as an effective field E = 
(1-p F)E which is not anymore a constant for к = 0 but shows resonances 
near the frequency ÜJ(V=+J) (see Fig. J) . As a result, the dielectric 
response function χ = - will not only show resonances near ω
Α
 but also 
E U 
near ü)(v=+J). In an analogous way the same procedure can now be repeated 
for ы( н^ 1) to make the derivation self consistent. The ω- mode will then 
be affected by ω(ν+1) and the other way around. The interesting conse­
quence of this mutual coupling is that changes in the mode ω(ν+1) can 
be observed indirectly at ω
η
. This is consistent with the basic fact 
that in incommensurate crystals the "normal modes" are not decoupled 
even without anharmonicity. 
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5 Nuclear magnetic resonance on incommensurate crystals. 
This chapter contains the results of nuclear magnetic resonance (NMR) 
measurements on Rb?ZnBr.. Due to the dependence of the NMR signal on the 
local electric and magnetic fields and field gradients, NMR is a very sen­
sitive method to study structural changes on an atomic level. In section 
5.1 an introduction to the technique is given, аь well as the aspects in­
volved with NMR measurements on incommensurate crystals. In section 5.2 
the first experimental results are presented, giving evidence for the pre­
sence of phasons in the incommensurate phase. Section 5.3 contains a de­
tailed NMR study of the normal, incommensurate and commensurate phases of 
Rb^ZnEr.. 
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5.1 Introduction 
5.1.1 Principles of the NMR technique 
Nuclear Magnetic Resonance (NMR) is a widely applied technique to study 
low frequency lattice vibrations, their instabilities and the structura] 
phase transitions which are induced by the softening and freezing-in of these 
modes . In contrast to the dielectric methods as described in chapter 3 and 
4 NMR measures the local properties of a system and not its collective res­
ponse. The magnetic dipole moment of the nuclei serves as a microscopic probe 
to study the local magnetic and electric field at the nucleus. Therefore it 
is very sensitive to small structural changes occurring in systems which un­
dergo a phase transition. 
In an applied magnetic field H a nucleus of spin I has 21+1 equally 
spaced energy levels with a separation 
ΔΕ (1) 
where the nuclear magnetic moment μ is given by 
μ = γ h I (2) 
The magnetogyric ratio γ is a conbtant for a given nucleus . Transitions 
between two such levels can be induced by an external radio frequency (rf) 
field tuned at the resonance (see Fig. 1) 
ΔΕ 
h 
γ II 
J о 
2 it 
(Larmor frequency). (3) 
• H r f »rf source 
(y =1MHz/ke) 
Fig. 1 Schematic Picture of NMR experiment. 
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In a crystal, μ is coupled to the lattice via interaction with the local mag­
netic fields. At equilibrium the nuclei are distributed among the energy 
levels according to a Itoltzmann distribution. If the system is disturbed e.g. 
by absorbing rf power reversing the direction of a part of the spins, it will 
relax back to equilibrium via phonon scattering processes involving a spin 
flip. The rate of this relaxation is expressed in the spin-lattice relaxation 
time T, . The probability of the spin-flip scatterings increases with increa­
sing phonon occupation number and with increasing relative atomic displace­
ments involved with the phonon. This means that T, will mainly be determined 
by the low lying optical branches (low ω and large displacements) whereas the 
acoustical contribution is neglible (low ω but small relative atomic dis­
placements). The occurrence of soft modes will strongly increase this scat­
tering rate resulting in a decrease of T,: for a normal structural phase 
transition Τ will follow the temperature dependence of the soft mode i.e. 
it decreases on approaching the transition temperature Τ from above and 
rapidly increases again with decreasing temperature (see Fig. 2). 
Fig. 2 Typical soft mode behaviour of spin-lattice relaxation T, at a 
para-electric - ferroelectric phase transition. 
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If the nuclear spin I is greater than 1, the nucleus may also have 
an electric quadrupole moment Q 
Q = -i ƒ (3z2-r2) p(?)d? (4) 
where ρ is the charge density distribution of the nuclei. When the field 
Η is high enough the quadrupole interaction can be considered as a pertur­
bation. The resonance of a certain nucleus j is then at 
v 3 = v L + v Q ( 3 ) (5) 
where ν (3) depends on the site symmetry of j in the crystal via the Elec­
tric Field Gradient (EFG) tensor. The latter is experimentally obtained by 
measuring the angular dependence of the NMR resonances. Through this qua­
drupole term the lattice can be studied: a structural change will be mani­
fested in a change of the frequency distribution (e.g. shifts and/or new 
lines). 
5.1.2 NMR on incommensurate crystals 
The transition to the I-phase involves a mode softening at a general 
point of the first Brillouin zone . As for a normal soft mode this will 
cause a decrease of T, on approaching Τ from above. In the I-phase fluctu­
ations of the amplitude and phase of the modulation wave will give rise to 
the so called amplitudon and phason modes. Because the latter has zero fre­
quency at the modulation wave vector q, it provides a strong relaxation me­
chanism which will dominate T.. over the whole I-phase. One will thus ex­
pect a low and temperature independent T. in the I-phase which will rapid­
ly increase at the transition point Τ to the conmensúrate phase, where this 
mechanism disappears. The observation of this anomalous temperature depence 
Ц 
of T. in Rb ?ZnCl. was one of the first clear indications of the existence 
of these phason modes. 
In normal periodic crystals the number of NMR lines depends on the 
number of physically non-equivalent nuclei in the unit cell. For an incom­
mensurate crystal where the translation symmetry in at least one direction 
is lost one has an infinite number of non-equivalent atoms in that direc­
tion. Therefore one expects a band of quasi-continuous resonance frequencies 
instead of sharp lines. This change in the lineshape which is one of the 
clearest manifestations of the inconmensurability is illustrated in Fig. 3 
1І42 
20 kHz 
I 1 
—J 
/v. 
RbjZnBr^ 
η 
11 τ > τ, 
\ Л - τ<τ, 
4_J--'' 
Fig. 3 87. Rb NMR lineshapes in the paraelectric (T > Τ ) and incommensurate 
phase (Τ < Τ of Rb-ZnBr.. 
for the case of the 87, Rb nuclei of Rb-jZnDr .. Each of the paraelectric line.s 
broadens below Τ into a continuum limited by two edge singularities. This 
frequency distribution can be calculated supposing that the frequencies υ 
are proportional to the orderparameter η: 
a,, 
v
o
 + a^ + y 
2 
η + (6) 
where ν is the original frequency and the a depend on the local structure 
and direction of the field Η . Regarding the fact that the density of nuclei 
p(z) along the direction of the modulation is constant, the frequency dis-
¿j 
tnbution can then be obtained from f(v) dv = p(z) dz leading to : 
f(v) 
I — I 
'dz1 
const (7) 
S i n g u l a r i t i e s in the spectrum w i l l appear whenever dv/dz = 0. With the or-
der parameter depending on the amplitude and phase of the modulation wave, 
η = A cos Ψ , t h i s leads t o 
dv 
dz -(a,A + а^ A cos f + 
, d^ 
Ы П -T— dz (8) 
1¿43 
In the "plane wave" limit <p=c.z (c is a constant) and the singularities 
are determined by: 
sin V : 0 - υ = v + a . A + + о - 1 a 2 A 
and 
a. A + a? A cos φ= 0 
^1 
2a
n 
(9a) 
(9b) 
In Fig. 4 the theoretical lineshape is plotted for a given relation be­
tween ν and η . The two edge singularities ν and ν are always present, 
whereas ν only appears when A>|-a-,/a„|. The temperature dependence of the 
modulation amplitude is reflected in that of ν and v_ (see Eq. 9a) and can 
thus very carefully be measured as it involves a frequency measurement. 
N/-V0 υ-υ0 f(V) 
Fig. 4 Illustration of lineshape calculation (from ref. 5). On the left 
side the relation between the frequency ν and orderparameter η, 
expanded up to second order. On the right side the corresponding 
theoretical lineshape is plotted for A 2.5 a./a^. 
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At lower temperatures, the modulation becomes more anharmomc. Here 
the soliton-lattice gives a better model, describing a .situation whore the 
crystal consists of commensurate domains separated by domain walls or phase 
f-i 7 
solitons ' . In the conmensúrate regions d^/dz = 0, giving rise to the growth 
of ferroelectric lines. This will occur at the expense of the incommensurate 
Q 
singularities . From the temperature dependence of Lhe relative intensities 
of these lines and singularities the soliton density η can be determined as 
a function of temperature. The latter serves as an order parameter to des­
cribe the transition from the I- to the C-phase: it will appear that η 
goes continuously to zero as Τ is approached from above, causing d 
second order phase transition at Τ . 
r
 с 
Summarizing, the transition to the I-phase gives rise to a typical 
soft mode behaviour of T, whereas its anomalous temperature dependence 
in the I-phase may be explained by the presence of phasons. Via the line-
shape detailed information about the form of the modulation ("plane wave"-
solitons) can be obtained. In the past years NMR has proved to be one of 
the most powerful tools to study the subtle details involved with incom­
mensurate systems. 
5.1.3 Experimental details 
The NMR experiments were done with a Fourier transform pulse NMR spec­
trometer, Bruker SXP, at the Josef Stefan Instituto in Ljubljana (Yugoslavia). 
For most of the experiments a superconducting 6.34 Tesla magnet was used be­
cause of its stable field and high signal to noiso ratio (approximately 10 
times better than with a conventional magnet). Since second order quadrupolar 
shifts are inversely proportional to the Larmor frequency ν , a part of the 
spectra were taken with a conventional 2.1 Tesla magnet. Rb 8^ has I = 3/2 
and γ = 13.93 MHz/Tesla resulting in ν = 88.34 MHz (at 6.34T) and 29.45 
MHz (at 2.IT). The samples were glued on a glass sample holder and inserted 
in such a way in the magnet that it could be rotated from the outside, en­
abling to vary the angle between field and crystal axes. The temperature was 
varied with a flow of nitrogen gas and measured with a Cu-Co thermocouple. 
In modern Fourier Transform NMR techniques, the sample is irradiated 
9 
with high power rf pulses while the magnetic field is kept constant .The band­
width of these pulses is suchthat they cover the whole frequency range of in­
terest. By Fourier transforming the pick-up signal, one can measure the res­
ponse for all frequencies at the same time. This method makes signal avéra-
is 
ging by sampling a large number of repeated pulses very convenient. Ave­
raging with the classical continuous wave method is limited by practical 
circumstances: one sweep often takes half an hour or more and to repeat 
this several times all experimental conditions should be kept constant during 
a long period of time. In pulse experiments, the repetition frequency is de­
termined by T, (system has to be back to equilibrium before the next pulse) 
-4 4 
which may vary over a wide range (10 - 10 Hz). 
To measure the spin-lattice relaxation time τ,, a two pulse technique 
was applied. The first pulse is made in such a way that the spins are tip­
ped opposite to the magnetic field. After a time τ a second pulse is applied 
which tips the spins in the direction of the pick-up coil by which the sig­
nal is measured. Because the second pulse measures the total magnetization 
at a time τ, one can follow the time dependence and thus the relaxation 
process by varying this time interval τ. Figure 5 illustrates this method; 
the measurements were done in the paraelectnc phase of F&uZnBr . 
2 4 
Fig. 5 Series of π - τ- π/2 pulse 
sequences for various values 
of τ for determination of 
T, . 
The large splitting of the sharp paraelectnc lines into the incom­
mensurate line shape will cause a very low intensity in the I-phase (in­
tegrated intensity must be constant). Therefore it was necessary to in­
crease the number of sweeps from a few hundred in the paraelectnc, to 
3 4 
several thousands (10 - 10 ) in the I-phase. 
1H6 
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On going from the paraclecmc (P) to the incommensurate (1) phase the 
e7Rb 1/2 -• 1/2 NMR Imes in Rb2ZnBr4 broaden into a umtmuum which is 
Imiitcd by two edge singularities The observed line shape and its tempera­
ture dependence are well described by the frequency distiibution lunction 
predicted by the "plane wave" modulation model of the I phase The 
anomalous temperature dependence of 7, shows the presence of the 
phason branch in the 1 phase 
IT IS WELL KNOWN [1-3 | that Rb2ZnBr4 becomes 
incommensurate below Γ| = 820C The lugli tempera­
ture paraelectric (P) phase is orthorhombic and belongs 
to the space group Рстпфы) with a = 13 343 Â, 
6 = 7 656 Â, с = 9 708 A and ζ - 4 The mcommensur 
ale (I) phase is characterized by a frozen in displacement 
wave wilh a wave vector q,, = (I — 6)c*/3 which is an 
irrational fraction of the underlying lattice The trans 
lational periodicity which is lost [4] in the I phase is 
restored (δ = 0) below T
c
 = — 80°С where a "lock in' 
transition lo a commensurale (С) ferroelectric phase 
lakes place with a tripling ol the unit cell along llie c-axis 
In ordei to study the nature and the dynamics of 
the 1 phase we decided to perform a 87Rb (/ 3/2) 
quadrupole perturbed N.MR study ofa single crystal ol 
Rb2ZnBr4 The
 e7Rb NMR spectra and spin-lallice 
relaxation limes T, were measured al t^ = 88 3 MHz 
using a superconducting magnet and a Fourier transform 
NMR spectrometer 
A typical temperature dependence of the second 
о—о—о о о-· 
Щ ZnBi-j 
Н ц - Б З и б 
о - - о- -о- о - - о - - о - . 
т, 
о 
50 ICO i c e ] 
Fig 1 Temperature dependence of the second order quadrupole shifts of the B7Rb 1/2 -> - 1/2 NMR lines in 
RbjZnBu at 88 3 MHz 
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Fig 2 "7Rb NMR line shapes in the incommensurdte 
phase of RbjZnBi^ 
order quadrupole shifts ot the central 1/2 -• — 1/2 8 7 Rb 
NMR lines is shown in Fig 1 for •£ с H0 = 45° The two 
paraeleclnc lines corresponding to the two chemically 
non equivalent [5] e 7 Rb sites in the higli temperature 
unit cell, split and broaden at Tl but can be followed 
through the whole I phase into the С phase The change 
in the line shape on going into the I phase is illustrated 
in Fig 2 Close to 7", each paraelcctnc line broadens 
into a continuum which is limited by two edge singular 
ities The frequency separation between the two edge 
singularities increases on cool mg below 7", An 
additional structure appears at lower temperatures 
which changes only little on going inlo the С phase 
The observed NMR Ime shape in the I phase (Fig 2) 
reflects the distribution of the electric field gradients 
(EFG) due to the incommensurability of the order para 
meter (t e the frozen m displacement wave) with the 
underlying crystal lattice Expanding the EFG tensors 
at the Rb sites in powers of the lattice displacements 
u(z) = A
a
 cos( i/
s
r f 0) (1) 
we can express the second irder quadrupole shift of a 
given 8 1 Rb 1/2 -» 1/2 transition as 
Δν, = Лс.о -t Δι»,, cos {qh -, f φ) + 
Η Δ ι ^ cos2Oli2, +φ) (2) 
provided that the wavelength of the modulation Í / J ' is 
large compared to the radius of the region where the 
dommanl contribution to the hFG tensor conies from 
Here Δν,ο is the second order quadrupole shift in the 
I'phase Δυ,, is proportional to the order pirumeter 
A0 and Δν,ζ toAo In (he general case the linear term 
( Δ Ι Ί , ) in the above expansion will be larger than higher 
order terms If however the site symmetry of the Rb 
nucleJs is high enough and il the orien talion of the 
magnetic field is such that this symmetry is not des 
iroyed, the linear term may be zero or small In the С 
phase below 7^ cos (f/jz, + Ф) takes on a discrete value 
depending on the position of (he mvestigiled nucleus 
in the unit cell In the 1 plnse on the oilier hand the 
whole crystal is a unit cell and cos ((/¿г, t- Ф) lakes on 
neirly continuously all Ihe values between + 1 and 1 
is г, runs over all equivalent "7Rb lattice sites Reducing 
the phases ¿ - q/,ζ, + φ to the interval (0, 27r) one can 
introduce the density p(¿) which is constant in this 
interval and zero outside The trcqucnc> distribution 
J(v) of the second order shifts due to incommensurate 
lattice displacements is thus obtained from 
f(v) di' = β(φ) άφ 
as [ft] 
f (и) = l/(27r|dWcM) 
О) 
(4) 
Here the distribution has been ilready normalized to 
unity, ƒ / ( c ) dv - 1 
In ihc plane wave limit [7] the incoinmeiisurale 
ordering is dominated by a single Fourier component 
of the displacement field and φ - const If terms linear 
in the order parameter are dominant ( Δ Ι Ί <* \/(T — T¡ 
о
 г
 = 0), the frequency distribution will be given by 
ƒ(») = [ 2 π Δ Μ 1 - * 2 ) ' 2Ì ' (Sa) 
where χ - (Δν — Δ Ι Ό ) / Δ Ι Ί The singularities correspond 
ing to тс = ± 1 will occur at Δι> = Δ Ι Ό f Δ " ! and Av0 = 
Δ Ι Ό — Δ^ι where ύν/άφ = 0 If however the site 
symmetry and the orientation of the crystal in the 
magnetic field is such that Av¡ = 0 and the quadratic 
term dominates we find 
f(v) = [4п£и>2(1 -у2)1 2y\ ' O b ) 
with у = [(Δτ — &1>0)1А1>2]1/2 The frequency separation 
between the two singularities at у = 0 and у = 1 (ι e the 
line width) will now be smaller than before as normally 
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ДСз < Δι>, The position of the singularity at у О 
(ι e Δν ΔΙΌ) will nol depend on temperature, whereas 
the position of the singularity at Δι> = Δν0 + Δν, will 
shift proportionally to Τ — T¡ The exlension of the 
above analysis to the case where both linear and 
quadrata terms are present, is trivial The positions of 
the two singularities will be in this case given by 
Δι> = Δι>0 + Δ Ι Ί + \ г, 
and 
Δν = ΔΙΌ — ΔΓ, + Δ ^ 
(6a) 
(6b) 
I f ΙΔν, I < 2|Лс2І, a third singularity appears at 
Δχ = Δ ΐ Ό - ί Δ ν , ) 2 / ^ ^ ) (6c) 
In the "sohton limit" [7, 8] the incommensurate 
phase is best desenbed as consisting of a series of regions 
of nearly commensurate ordering separated by domain 
walls (or phase sohtons) at which the phase, φ = φ(ζ) 
changes by 2π/3 In such a case one would expect to 
see in the I phase sharp "commensurate" lines super 
imposed on a broad background originating from the 
incommensurate domain walls The sharp "commensurate" 
domain lines would be practically unchanged at the 
"lock in" transition Τ = T
c
, where the broad domain 
wall lines vanish 
The observed e7Rb line shapes in ЛЬгХпВи 
(Fig 2) are well described by the frequency distribution 
function (5a-b) predicted by the "plane wave limit" 
over the whole 1 phase except perhaps very close to T
c 
The above results demonstrate that the "plane wave 
limit ' represents a good First approximation to the 
(rue situation in a large part of the I phase and that 
sohtons may be important only at the low Tend of this 
phase 
The conclusion that the plane wave approximation is 
a relatively good description of the I phase in Rb2ZnBr4 
is as well supported by the "Rb spin-lattice relaxation 
data 
On approaching T¡ from above, 7Ί - as measured on 
the 1/2 -» — 1/2 lines - exhibits a typical soft mode be 
hdviour (Fig 3) with 7, decreasing as 7"-» 7",* This is 
analogous to what is observed in other structural phase 
transitions In the 1 phase, on the other hand, the be­
haviour of T, is highly anomalous Instead of increasing 
with increasing Γ, — Τ the spin -lattice relaxation time 
7"i is anomalously short and nearly independent of tern 
perature in the whole I phase from + 820C to — 80oC 
On going through T
c
, 7Ί sharply increases by an order of 
magnitude and exhibits the usual soft mode behaviour in 
the С phase The anomalously strong, nearly temperature 
independent mechanism which dominates 7Ί in the I 
phase and which disappears on going to the С phase can 
be most easily explained as being due to the phason bram 
of the order parameter excitation spectrum 
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Abstract: 
87 
The temperature and angular dependences of the Rb 1/2 - -1/2 NMR 
spectra and ьріп-lattice relaxation times have been studied in the para-
electric (P), the incommensurate (I) and the ferroelectric commensurate 
(C) phases of Rb^ZnBr. and the distributions of the electric field gradient 
(FFG) tensors at the Rb sites have been determined in the Ρ and I phases. 
The NMR line-shapes can be described by "broad solitons " over most of the 
I phase whereas the soliton width becomes small as compared to the inter-
soliton distance close to the transition into the С phase. The temperature 
dependence of the soliton density has been determined. The spin-lattice 
relaxation rate in the I phase is dominated by phasons if the nuclear dis­
placement is small whereas it is dominated by amplitudons if the nuclear 
displacement from the paraejectric site is large. Soliton pinning by de­
fects has been confirmed. 
On leave of absence from Nuclear Research Center "Demokntos . 
Aghia Рагаьке і Attikis, Athens, Greece 
PACS index categories: 64.70.Kb, 76.60.-k, 61.16.IIn, 77.80.Bh 
15¿ 
I. Introduction 
Incommensurate (J) systems have attracted a great deal of attention 
1 2 in the last few years ' . They are characterized by the appearance of a 
superlattice with a periodicity which is an irrational fraction of the 
periodicity of the basic lattice. 
Rh uZnBr. represents one of the first known examples of one-dimensi-
3 5 
onally modulated incommensurate systems ' . It undergoes successive phase 
transitions at Τ = 346 К and Τ = 187 К . Tho high temperature space group 
16 ^ 9 
is D^.-Pcmn and the low temperature space group is C^ -Pc2.n. On cooling 
through Τ the crystal exhibits an instability against a soft mode which 
condenses out at a general point m the Bnlloum zone. The order parameter 
of such a transition 
u = A cos 0(z) (1) 
γ 
is characterized by its amplitude Λ and its phase ¡diz). Mc Millan has 
proposed that the I phase actually consists of commensurate regions 
(0{z) = const) separated by soliton-like "discommensurations" where the 
phase changes rapidly. Many attempts have been made to use this concept in 
fì 1 Τ It 1 A 
explaining various experimental results ' . Advanced NMR and NQR stu­
dies have shown that in the isomorphic Rb^ZnCl. soli tons are narrow only 
close to the lock-in transition (Τ < Τ < Τ + -ν 10 К), while in the bulk 
с с 
cf the I phase they are broad compared with the inter-soliton distance and 
can be suitanle deenbed by the "plane wave" limit. The same picture was 
proposed for K?SeO. on the basis of ultrasonic measurements of the shear 
stiffness Crr 
fi*7 Ί 1 1 Η 1 ? 
The first Rb NMR measurements of RhuZnCl. ' and Rb?ZnBr. have 
demonstrated that the Rb nucleus is very suitable for the study of the 
local structure and the dynamics of the I phase. In the present paper we 
present a detailed study of the incommensurate modulation m Rb^ZnBr.. Cx-
87 
perimental details are described in Sec. II. Rb electric field gradient 
(EFG) tensors in the paraelectnc (P) and the incommensurate (I) phase are 
reported in Sec. Ill, while the temperature dependence of the spectra is 
analyzed in Sec. IV. The temperature dependence of the soliton density is 
reported in Sec. V together with a discussion of the large thermal hyste­
resis at the lock-in transition. Sec. VI describes the "incomnensurate" 
lineshape and spin-lattice relaxation around Τ . The phason and the ampli-
153 
tudon contributions to the relaxation rato are reported in Sec. VII. 
II. Experimental 
A single crystal of Rb7ZnBr . was grown at 303 К from an aqueous solu­
tion of RbBr and ZnBr? in a 2:1 molar ratio. The crystal was colourless 
though not completely transparent. The orientation of the crystalloqraphic 
axes has been determined from its morphology and was further checked by 
X-ray measurements. 
Я7 
The NMR measurements of the Rb (I = 3/2) line shapes and relaxation 
fi7 
times have been done on the Bruker SXP spectrometer. The Rb satellites 
(3/2 - 1/2 and -1/2 - -3/2) are too broad to be observed in the I phase, 
therefore only the central lines (1/2 - -1/2) were studied. Since second 
order quadrupolar shifts are inversely proportional to the Larmor frequen­
cy (υ. ), a part of the spectra were taken at ν =29.5 MHz on the iron 
magnet (B = 2.1 T) to obtain better resolution, while a superconducting 
magnet (B =6.3 Τ, ν = 88.3 MHz) was used for most of the spin-lattice 
relaxation time measurements. The 180 - t - 90 - τ - 180 pulse sequence 
has been used. 
III. EFG Tensors in the I Phase 
Expanding the μ-th component V μ (1) of the EFG tensor at the 1-th 
lattice site in powers of the nuclear displacements around the values 
V (1) corresponding to the average structure of the Ρ phase and assuming 
that the wavelength of the incommensurate modulation is large compared 
with the radius of the region where the dominant contribution to the EFG 
19 ten.sor comes from, we find 
ν
( μ )(1) = V < p )(l) + A cos 0(ζ)ν(μ)(1) + A 2 cos20{z)V(μ)(1) + .. (2) 
о ol o2 
where V , (1) and V -, (1) are constants. Since cos 0(z) is continuous in 
ol o2 
the I phase, we expect a quasi-continuous distribution of the EFG tensor 
components in the interval 
ν
< μ )(1) = ν ( μ )(1) + Α ν ( μ )(1) + Α 2ν ( μ )(1) + ... (3) 
+ о - ol о2 -
The limiting values V μ (1) correspond to nuclei which are near the 
maximum positive or negative displacements. These values were determined 
ЪЦ 
by measuring the angular dependence of those central 1/2 - -1/2 transitions 
which correspond to the edge singularities in the frequency distribution 
f(v). The results have been analyzed by the method of Volkoff 
The paraelectnc unit cell contains eight Rb ions which can be divided 
into two chemically inequivalent sets, Rb(l) and Rb(2). 
2 ι 
All Rb-siLes have si te symmetry m . Because of the presence of the 
centre of symmetry at most two Rb sites can be distinguished for each chem­
ically inequivalent set. We thus expect tc see at most four Rb lines fcr 
Τ > Τ . For a general direction of the magnetic field in the (a-c) plane 
all four lines should be seen whereas only two lines should be seen in the 
(a-b) and (b-c) planes. In view of the Rb site symmetry, the EL'G tensor com­
ponents V, and V, shculd vanish for Τ > T T and one of the principal axes 
^ ba be I 
should be paralle] to the crystal b-axis which becomes the axis of sponta­
neous polarization below Τ 19,22 
'180 ч>(°) 
Fig. 1 Angular dependence of second order quadrupolar shifts in paraelec­
tnc (P) and upper part of the inconmensurate (I) phase. Hatched 
regions denote quasi-continuous frequency distributions, limited 
by edge singularities. 
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т 
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Rb(2) 
3,00 0,(10 ГІ,00 
-0,65 0,00 
-2,35 
3,00 ±0,46 iO,23 
-0,65 til,77 
-2,35 
3,0 '0,И іО.ІЬ 
-0,65 1,1 
- ',35 
Table I. Rb quadrupole coupling tcn.sors (in MHz) in the crystal fixed 
a, b, с frame in Rb?ZnBr : ι.) Τ = З'ЗЗ К > Τ li.) 
Τ = 330 К < Τ ill.) Τ = 316 К < Τ . For Τ < Τ only those ten­
sors are listed which correspond Lo the extreme displaccmentb of 
the incommensurate displacement wave. 
The experimental data (Fig. 1 and Table I) agree ver^ well with the 
predictions based on the crxstal structure. Wo find two chemically incxjui-
valent Rb-sites. Each of them occurs in two different orientations gene­
rated by the c-mirror. The quadrupole coupling constants equal 
2 2 
с qO/h = A.5 MHz for Rb(1) and e qQ/h =3.0 MHz for Rb(2). The correspond­
ing asymmetry paranieters are η = 0.87 and η = 0.57 (Table II). The prin­
cipal axes of the Rb(2) DFG tensor coincide with the crystallographic axes 
within the limits of experimental error (+ 3 ) and the smallest principal 
axis points along the b-dircction. The principal axes of the Rb(l) EFG 
tensor are however rotated with respect to the crystallographic axes for 
+ 2.5 around the b-axis. The largest principal axis is here parallel to 
the b-directaon (Table II). 
The orientation of the EFG tensors is in good agreement with the ro-
23 
suits of de Pater whereas our values for the quadrupole coupling con-
Ъ6 
τ > τ τ < τ 
Rb(l) 
μ 3 
Mb 
"с 
Rb(2) 
μ
α 
и
ъ 
μ
ο 
λ^Ο.30 
0.9993 
0.0000 
-0.0384 
λ1=-0.65 
0 
1 
0 
λ2=4.2 
+0.0384 
0.0000 
0.9993 
X2=-¿.irj 
0 
0 
1 
Xr-4.5 
ϋ 
1 
0 
λ3=3.00 
1 
0 
0 
λ1=0.394 
0.9860 
-0.1450 
І0.0825 
λ^-0.435 
+0.1526 
0.9231 
І0.3529 
X2=4.¿6? 
+0.0722 
+0.0750 
0.9946 
λ2=-2.647 
+0.0076 
+0.3581 
0.9339 
λ =-4.656 
+0.1504 
0.9866 
±0.629 
λ3=3.0825 
0.9882 
±0.1430 
±0.0624 
labio 11. Liqcnvalucs λ (in Milz) and dirccLion cosmos of Lho Rb qua-
drupole couplinq tensors in Rb.Znlir : i. 
Τ = 353 К > Τ il.) Τ = 336 К < Τ . Here again only those 
tensor1-, ri ι e listed for Τ <- Τ uhich r orresjjond to tho extrene 
displaccmonLs of Lho incommensuralc displaccmcnL wave, and tho 
cristallographie axes arc chosen according to Pcnn: a =13.330 8, 
b = 7.656 R, с = 9.707 Я. 
stants aro signiticant]\ louer than his values (Rb(l) —· 6.28 Mllz and 
Rb(2) — 4.32 Miz). The reason for this disoropancv is not known. 
Tn view of the a-c mirror plane* above Τ the F?G tensor is in the 
crystal fixed \ // a, -> // b, ζ // с trame of the following form: 
/ 
хл 
0 
V 
0 
V 
УУ 
0 
V 
xz 
0 
V 
, τ > τ (4) 
The frozen-in soft mode displacements destroy the a-c mirror plane 
in the I phase resulting in non-zero values ot V and V . Ke thus expect 
xy yz ' 
for a given Rb site the Frc, tensor in the Τ phase to be of the following 
form: 
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ν1 
= ν
ρ
 + 
0 
α 
0 
α 0 
0 Ύ 
γ 0 
A cos 0, Τ < Τ (5) 
if only the loadinq non-zero terms in the expansion of V in powers of the 
incommensurate modulation ¿ire considered. Here a and y are constants and A 
is the amplitude of the incommensurate order parameter. 
As it can be seen from Table I this is exactly what happens below Τ . 
The main effect of the incommensurate phase transition is a rotation of the 
principal axes of the EFG tensors (Table II) whereas there is only a slight 
change m the quadrupole coupling constants and asyrrmetry parameters. For 
nuclei which are at sites of extreme nuclear displacement of the modulation 
wave the Rb(2) EFG tensors are at 10 К below Τ rotated for +19.5 around 
the a and for +8.7 around the c-axis whereas the rotation of the Rb(l) 
EFG tensors amounts to + 8.5 around the с and to + 4.5 around the b-axis. 
There is a quasi-continuous distribution of EFG tensors between these ex­
tremes. The fact that the Rb(2) EFG tensor ι 
agrees with the structural data of de Pater 
is more affected than the Rb(l) 
21 
The rotation angles significantly increase on further cooling into the 
I phase. At 316 К the Rb(2) rotation angles increase to + 23 around the 
a and to + 13 around the c-axis whereas the Rb(l) rotation angles now 
amount to + 11 around the с and to + 6 around the b-axis. It is as well 
interesting to note (Fig. 2) that with decreasing temperature the asymmetry 
parameter η decreases for Rb(l) whereas it increases for Rb(2). 
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Fig. 2 Temperature dependence of the asymmetry parameters η. 
IV. Temperature dependence of spectra 
It has been previously shown that the second order quadrupole shift 
of the frequency of the central Rb line can te expanded in a Taylor 
series in powers of the order parameter 
υ = ν (Τ) + a, u + тг а^ u + . 
ο 1 λ ¿ (6) 
Here ν (Τ) denotes the noncritical part of the second order shift while the 
о 
parameters a,, a, a ... depend on the EFG tensor elements and the orien­
tation of the external magnetic field with respect to the crystal axes. 
Taking into account that u = A cos 0 we find 
υ (Τ) + a, A cos 
о 1 
1 2 2 
+ -~ 3.jh cos 0 + (7) 
,18 
The frequency distribution f(υ) in the I phase is obtained from 
f(v) dv = N(z) dz (8) 
As the number of nuclei per unit length in the direction of the modulation 
ι fì 
N(z) is constant we find 
const f(v) = (9) 
dv/dz 
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The derivative 
^ = -(a^A + a,A2cos 0 +...) sin0 ^ (10) 
dz 1 2 dz 
therefore describes the shape of the quasi-continuous spectrum in the I 
phase ^' . The frequency distribution is peaked whenever dv/dz = 0. 
If the solitons are so broad that the commensurate regions can be 
neglected , the plane wave approximation d0/dz = const, is suitable and 
the derivative becomes 
-г^
 Œ
 ( a, A + а
п
Л cos 0 + .. . ) sin 0 . ( 11 ) 
dz 1 ζ 
The first possibility 
sin 0 = 0 (12) 
gives rise to singularities 
1 2 
ν + = ν + a.A + TT a_ Λ + — (13) 
о - 1 2 2 
which represent signals of nuclei close to the extreme displacements in the 
incommensurate wave. Their difference 
υ - ν = 2a,h «(τ-Τ) 1 5 (14) 
+ - 1 I 
is proportional to the amplitude of the order parameter. If we orient the 
crystal in such a way that higher order odd terms can be neglected 
(a_ = a- = ... = 0), the critical exponent 3 = 0.35 + 0.03 is obtained by 
plotting ν - \)_ versus Τ -Τ in a log-log scale (Fig. 3). The obtained 
value is significantly smaller than the classical mean-field result (0.50), 
but agrees fairly well with the predictions of the d = 3, η = 2 Heisenberg 
i) 
model as well as with neutron scattering experiments on Rb^ZnBr. , 
Rb2ZnCl4 and K^SeO. . It also agrees with NMR , NQR , EPR ^ and ultra­
sonic measurements on these and related compounds. 
Additional singularities (ν-,,ν., ...) might appear in the spectrum if 
2 
a.A + a2A cos 0 + . . . = 0. (15) 
They arise from the nonlinearity in the relation between the frequency and 
displacements and are shifted for a constant value with respect to ν (Τ). 
Since these lines do not depend on A their presence might be used to study 
the properties of the basic lattice in the I phase. 
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Fig. 3 Log-log plot of the separation between the edge singularities 
versus Τ -T. The value of the experiment 0 = 0.35 + 0.03 demon­
strates that the whole I phase is critical. 
V. Sollton Density 
Close to the lock-in transition the distance between the solitons 
becomes large as compared to the soliton width. The plane wave approximation 
does not account anymore for the observed spectrum and the non-linear 
spatial variation of 0(z) must be taken into account. The quantitative 
theory of the NMR line shape in a multi-soliton lattice has been described 
27 
elsewhere . Since d0(z)/dz » 0 in the conmensúrate regions, additional 
"conmensúrate" peaks start to grow at the position of ferroelectric lines 
when approaching Τ , whereas at the same time the intensity of the "incom­
mensurate" edge singularities decreases. The normalized intensity of the 
С lines measures the relative volume fraction η of the commensurate do-
c 
mains. The soliton density (n ) is equal to 
η = 1 - η 
s с 
(16) 
Our estimate of η is not very accurate, since it is affected by several 
difficulties: 
161 
(_i) the peaks in RfcuZnRb. are so broad that it is possible to separate 
commensurate signals from the other singularities only at favourable 
orientations 
(n) the spectra were obtained by Fourier transforming spin echo signals 
and might be thus distorted by pulse imperfections. 
(in) the spatial variation of the amplitude of the order parameter has 
no 
been ignored . 
The results have been however found to be reproducible, when measure­
ments were repeated several times under the same experimental conditions. 
2 
In Fig. 4 we plotted η as a function of temperature. In the tempera­
ture interval of ^ 5 К the soliton density is - as m Rb„ZnCl. 
tional to 
,V2 
in 
η « (T-T 
Ξ С 
propor-
(17) 
29 15 
so that Natterman's result seems to be confirmed again . At higher tem­
peratures saturation sets m and the soliton density is in the middle of 
the I phase smaller than 1 %. 
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Fig. 4 Square of the soliton density as a function of temperature. 
In the vicinity of the lock-m transition (< 5 K) the soliton den-
29 
sity approximately follows the Natterman's prediction 
η « (T-T ) 
s с 
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The soliton density versus T-T curve shows a temperature hysteresis 
К 10 К), which is considerably larger than in Rb„ZnCl. '', This is probably 
due to soliton pinning on defects, as discussed and experimentally dcnon-
strated by Hamanno et al." . It was also noticed, that both the transition 
temperatures Τ and Τ ' and the undercooling of the I phase ^  are .sample 
dependent. The Rb?ZnBr. crystals used in this study were grown in the I 
phase, therefore a high concentration of defects is expected. It is possible 
that the behaviour of a sample prepared above Τ will be closer to that of 
Rb2ZnCl.. 
VI. Spectra in the Vicinity of T. 
We have found that in Rb
n
ZnDr, additional lines are a.s well observed 
2 4 
close to Τ (Гід. 5). They are found at any orientation at exactly the same 
position as the corresponding paraelectric ]ines, so that existence of 
"domains" of the high temperature phase is indicated. 
Since this "paraelectric"-lines disappear when the sample is cooled 
more than ^ 10 К below Τ and since they are not observed in Rb^ZnCl., we 
conclude that their origin is due to detects which stabilize partial para­
electric arrangements. When the temperature is decreasing awav from Τ , the 
stabilizing forces are not strong enough and the incommensurate displacements 
become dominant. 
These lines do not represent signals of macroscopic domains of the 
undercooled paraelectric phase, because: 
(i) The P-I transition is of the second order. 
(n) No thermal hysteresis was observed at Τ . 
(in) The spin-lattice relaxation time T, (see Fig. 6) of these lines docs 
not follow the paraelectric behaviour below Τ . 
(iv) The plane wave model suitably predicts the position of the edge sin­
gularities. 
Our results demonstrate that the incommensurate structure is very sub­
tile and that "defects" must be considered in any complete theoretical des­
cription of this phase in "real" crystals. 
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87 Fig. 5 Rb spectra in the vicinity of Τ . Besides the edge singulari­
t i e s (υ ) which are predicted by the plane wave model, virtual 
continuation of the "paraelectrie" l ine i s observed for ^ 10 К 
into the I phase. 
itn 
τ, 
(ms) 
20 
10 
Rb2ZnBrt 
(87 vL(°'Rb)=295MHz 
о о о 
о
 0 00 о о о 
ЗДО 345 350 τ ι κ : 
Fiq. 6 Temperature dependence of the κριη-1 rittice relaxation time Τ as 
measured on the "paraelectnc" line near Τ . 
VII. Spin-Lattice Relaxation Times 
Since the spin-lattice relaxation times provide .idditional information 
11 IJ 
about the dynamics of the I phase ' , we decided to extend our previous 
T. measurements ^. When approachinq Τ from above T. rapidly decreases as 
O' 
3 
<3 "A 
m other relatcxi crystal ь" '" . The relaxation is qoverned by an overdamped 
soft mode, which condenscb out producing a sharp T, minimum at Τ In the 
I phabc T. remains short and nearly temperature independent at the centro 
of the incommensurate frequency distribution (Fig. 7). On the other hand a 
normal soft mode behaviour has been observed at the edge singularity close 
to Τ only, while on further cool mg Τ, remains nearly constant untili the 
lock-in transition is reached. 
The excitation spectrum of the I phase consists of two modes: the 
amplitudon branch corresponding to oscillations of the amplitude of the 
3c displacement wave and a phason branch reflecting changes of the phase 
The last mode - acoustic-like mode - has for the critical wave vector zero 
frequency over whole I phase as it represents only another choice of the 
phase and therefore needs no excitation enerqy. In view of its low frequen­
cy and large nuclear displacements it represents a very efficient spin-
1t5 
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Fiq. 7 Temperature dependence of the spin-lattice relaxation time. 
Circles denote T. at the distinct edqe singularity, while crosses 
represent values, obtained in the middle of the frequency distri­
bution in the I phase. 
lattice relaxation mechanism. Our measurements have indeed confirmed the 
presence of such a low-lying, nearly temperature independent and strong 
relaxation mechani.sm. Phasons disappear at Τ where T. starts to increase 
rapidly. 
The above statement is further supported by the fact (Fig. 7) that 
the relaxation time T, varies over the spectrum as theoretically predic-
1 Ο η у 1 
tea ' . At the edge singularities T, is significantly longer than in 
the middle of the broad background. These results fit very well to the 
theoretical model which predicts that the strong phason contribution 
dominates the relaxation of the nuclei, which are only slightly displaced 
(u 'v Ü), while amplitudons become important for extreme displacements 
(u = + A). The phason contribution is temperature independent whereas the 
amplitudon contribution varies as the amplitude of the order parameter. 
The above model is only qualitatively correct as it neglects coupling 
between phasons and amplitudons as well as the finite width of the reso-
nance signals. Roth of these effects result in a mixing of phason and am-
47 plitudon contribution . 
1c6 
At a special orientation of the crystal in the magnetic field, an ad­
ditional minimum was found at % 280 К (Fiq. 8). Since it is not observed 
in RfcuZnCl., the best explanation is cross-relaxation with bromine nuclei. 
Unperturbed Dr NQR frequencies lie between 55 and 70 Miz and together 
with Zeeman interaction the level crossing with ν ( Rb) 
fulfilled at special orientations. 
88.3 MHz can be 
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Fig. 8 Temperature dependence of Τ at a special orientation, where an 
additional minimum has been observed at -v 280 K. It is tentati­
vely attributed to the cross-relaxation with bromine nuclei. 
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VIII. Conclusions 
'The above results show that: 
i) The incommensurate modulation in Rb^ZnBr can be over most of the I 
phase described by the "broad soliton", or what amounts to the same, the 
"plane wave" limit as the soliton width is large compared to the inter-
soliton distance. 
11 ) Close to Τ the inter-soliton distance become.s larqe as compared to 
the soliton width and the soliton density was found to vary with tempera-
,
m m
 ,1/2 
ture as (T-T ) 
с 
i n ) The critical exponent for the amplitude of the order parameter is 
β = 0.35 + 0.03. 
iv) The spin-lattice relaxation rate has been found to be dominated by 
phasons at the centre of the incommensurate frequency distribution and by 
amplitudons at the points of extreme nuclear displacements. 
v) Whereas the above results are analogous to what has been found m 
Rb^ZnCl. the appearance of paraelectnc lines in the I phase and the soliton 
pinning effects together with the sample dependence of Τ and Τ demonstrate 
the influence of defects on the properties of the Rb-ZnBr. samples grown 
in the I phase. These effects have not been observed in Rb^ZnCl. where the 
sample was grown in the Ρ phase. 
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Experimental investigations of 4-dimensional superspace crystals by studying 
the macro- and microscopic properties of incommensurate crystals. 
In this chapter a superspace analysis of some experimental results on 
the incommensurate crystal RtuZnBr. will be presented. After the introduc-
tionary section 6.1, the superspace construction for a one dimensionally 
displacively modulated crystal will be given in section 6.2. In section 6.3 
the properties of Rb7ZnBr. will be discussed using the superspace approach. 
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6.1 Introduction 
The discovery of incommensurate crystals, which have no 3-dimensional 
lattice periodicity, and the recovery of this symmetry in л hiqher (3+d)-
dimensional superspace ' leads to the question to what extent the conven­
tional solid state theory has to be revised. In a solid, we have to deal 
¿2 23 3 
with 10 - 10 particles per cm , i.e. with an "infinito" number of 
particles problem. Yet, we can do solid state physics because: 
1) in the ground state, the presence of lattice translational symmetry 
reduces the number of particles to be considered to those in the 
unit cell. 
2) the excitations from this ground state can be described as quasi 
particles and their properties are strongly correlated to the lat-
tice periodicity. 
Therefore, it will be a natural step to use the symmetry of incommensurate 
crystals, i.e. the superspace symmetry, to describe their physical proper-
ties. 
In a normal conmensúrate crystal, the atoms form a regularly arranged 
pattern which defines a translation lattice Л, spanned by three basis vec­
tors a . Therefore, a crystal can be described by a matter distribution p(r) 
which is invariant for lattice translations: 
p(r) = p(r + η) , η Ξ (η,, η-, п..) = Σ η а ел (1) 
The crystallographic space group G describes all the geometrical symmetry 
properties cf p. 
Due to the periodicity expressed in Lq. (1), p(r) can be expressed in a 
Fourier series with coefficients p(k), where к e Л*: 
pl7) = _ Σ piiôe1 k-r (2) 
к e Λ* 
Λ* is the so called reciprocal lattice spanned by the reciprocal basis vec­
tors a * which are defined by: 
a .a * = 2π6 (3) 
ι 3 il 
The basis vectors a (a *) fully characterize the lattice Λ(Λ*). However, 
within one and the same thermodynamcally stable state, the structure will 
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nevertheless change as a function of external parameters like pressure or 
temperature, but the essential aspect here is that for these changes the 
symmetry is conserved. For example, thermal expansion does change the posi­
tions of the atoms and, correspondingly, the Fourier vectors k, but these 
changes can be written as : 
n(T) = Σ η a (Τ) , η integers (4a) l i ι 
ι 
Κ(Τ)=Σζ a*(Τ) , ζ integers (4b) i l ι 
ι 
Eq. (4) means that the unit cell labeling of the atoms is conserved with­
in one crystal phase. In an analogous way, the crystallographic space group 
G also changes as a function of temperature, but within the same isomor­
phism class for a given thermodynamic phase: 
Λ = Λ(Τ) = Ζ 3 (5a) 
G = G(T) - G (5b) 
Accordingly, the long range order and symmetry of a crystal are well de­
fined, thermodynamically stable properties 
The experimental method of crystal structure determination from e.g. 
X-ray diffraction patterns, is explicitly based on the Fourier decomposi­
tion of Eq. (2): the positions of the measured Bragg peaks define the 
Fourier vectors к and the Fourier coefficients p(k) determine their inten­
sities. The superspace construction for incommensurate crystals is based on 
the fact that one finds a diffraction pattern with well defined Bragg peaks 
3 
for an incommensurate structure as well . However, in the incommensurate 
situation, these Bragg peaks can not be labelled in the usual way, i.e. 
with three basis vectors and integer indices; to maintain the labelling by 
integers one needs more than three basis vectors. In three dimensions, these 
vectors can obviously not be linearly independent from each other. Moreover, 
the introduction of additional basis vectors might allow to index the dif­
fraction pattern properly, but in itself this procedure does not recover 
the lost translation symmetry. The latter requires a description in a higher 
dimensional space: the Bragg peaks are considered as a projection of a 
(3+d)-dimensional reciprocal lattice onto the real 3-dimensional space, 
where the dimension 3+d is determined by the number of independent indices, 
needed for labelling the Bragg peaks. The superspace crystal is constructed 
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from the super reciprocal lattice via the (3+d)-dimensional analogue of 
Eq. (2): again, the superspace crystal is considered as a periodic distri-
bution of matter,defined by a Fourier series expansion. The vectors of the 
reciprocal super lattice, are the relevant Fourier vectors; the correspon-
ding Fourier coefficients give the intensity of the Bragg peaks The real 
crystal is an intersection of this abstract crystal with the normal three 
dimensional space. In the following sections, this superspace construction 
will be illustrated in more detail for an incommensurate crystal with a one 
dimensional dispiacive modulation. 
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6.2 Superspace construction of a crystal with a displacive modulation in 
one direction 
In a displacively modulated crystal, the positions of the atoms are 
given by (in a sinusoidal approximation): 
r ( η, 3 ) = r + n + A cos [q. ( r + η ) + ¥> ] (1) 
n e Λ, q ¿ Λ* 
η is a vector of the basic lattice Л; r labels the atoms within the unit 
cell of Λ; A is their modulation amplitude; q the modulation wave vector; 
and φ a phase factor. The most important aspect of the incommensurate nature 
of the modulation is the fact that the temperature dependence of q can not 
be described by the temperature dependence of the basic lattice vectors as 
in Eq. (4) of section 6.1: the coefficients depend continuously on tem­
perature now: 
5 = Σ η (Τ) a *(T) (2) 
ι 
In the case we will discuss here, only one of the η 's is relevant and will 
be temperature dependent, yielding a one dimensional modulation; let us take 
η. = η 7 = 0, ru = γ. In the point atom approximation, the matter density 
distribution becomes: 
p(r) = Σ m ö(r - r(n,])) (3) 
ñe Λ ^  
The corresponding Fourier coefficients are: 
m 
p(k) = Σ -^ e i m J
m
(k.A)6(k - G - mq) (4) 
сел* 
mez 
Ω is the unit cell volume and J the Bessel function of order m. Conse-
m 
quently, the diffraction pattern has two contributions 
1) main Bragg peaks: : m=0, к = G 
2) satellite Bragg peaks: m^O, к = G + mq 
The satellite peaks come out clearly (even up to m=4)in the diffraction 
pattern shown in Fig. 1 . 
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Fig. 1 X-ray diffraction pattern of Na?CO,. The presence of satellite re­
flections comes out clearly (from ref. 1). 
To express the wave vectors к in a thermodynamically stable way, one can 
write them as: 
4 
k(T) = Σ ζ a *(T) (5a) 
i=l 1 1 
with a *: basis vectors of Λ* (5b) 
a 4 * dlf q (5c) 
However, in three dimensional space, these wave vectors are not linearly 
independent; and in this way one does not recover the lost translational 
invariance. The latter can be obtained by a description in a 4-dimensional 
2 3 -
superspace . To this aim, one proceeds as follows: The wave-vectors к are 
considered as a projection in normal reciprocal space of a reciprocal lat­
tice Σ* defined in a 4-dimenslonal superspace. Σ* is spanned by the basis 
vectors: 
a* = (a *, 0) i= 1,2,3 (6a) 
a* = (a4*, e*) (6b) 
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e* is a unit vector of the internal reciprocal space. The vectors of Σ* are 
written as: 
к = Σ ζ a* = (С к ) , integers ζ (7) 
1 1 E Ι ι 
with к^ the external and к the internal component. 
To extent the concept of a crystal to the 4-dimensional space, we will 
generalize the definition of Fq. (1) and (2) of section 6.1: 
"a crystal is defined as a matter distribution described by a scalar 
function p(r), such that a Fourier decomposition of the following 
form is possible: 
p(r) = Σ ptkíe1 k-r (8a) 
tez* 
with p(k) ,= p(k) (8b) 
def 
r = (τ,τ) ; (8c) 
r is a vector of the superspace V, defined as the direct sum of the 
the external (position)space V(= R ) and a l-dimensional inter­
nal space V : V = V θ V ; and τ e ^ 
The modulated crystal can now be embedded in a unique way in the 4-dimen-
sional space, by constructing a lattice Σ, with a basis reciprocal to that 
of Σ*: 
a1 = (г^, 0) 
a2 = {І2> 0 )^ (9) 
a3 = ( a3' ~ye) 
a4 = (0, e) 
where e is a unit vector of V and γ is defined by: q = yc*. This basis 
generates a lattice Σ in V. acting with Σ on the positions (r(n,j),0), 
where r(n,j) is given by Eq. (1), produces a line pattern in the 4-dimen-
sional space given by: 
r = (г,т) = (r + η + Λ cos[q.(r + η) + q-t], τ) (10) 
q is the internal component of the modulation wave vector q embedded in 
the superspace: q = (q, q T). (for convenience, we drop the vector notation 
for the one dimensional internal vectors τ and q ). 
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This superspace construction is illustrated in Fig. 2, for the case of 
a one dimensional normal space and a one dimensional modulation: this yields 
a super lattice of dimension 1 + 1 = 2. Fig. 2 shows clearly how the m a m 
and satellite reflections are found by pro3ection of Σ* on the normal reci­
procal space, in accordance with the projection mathematically expressed in 
Eq. (6). The superspace crystal is a line pattern, generated by acting with 
the lattice Σ on the positions r(n,;j) of Fq. (1). The positions of the atoms 
in the real crystal гиге obtained when the section of the superspace crystal 
for constant τ is considered. For τ = 0 the original crystal is obtained, 
but for any value of τ ¡¿0 one gets equivalent crystals. 
SUPERSPACE 
REAL 
SPACE 
Fig. 2 Superspace construction of a displacively modulated crystal (in the 
point atom approximation), with a one dimensional modulation. Σ* 
is the reciprocal super lattice and Σ the superspace lattice of the 
crystal. The parameter m the internal space is denoted by τ. The 
dots (·) in b denote the real crystal; it is obtained as the sec­
tion of the superlattice for which t = 0. The dots (·) in a denote 
the diffraction pattern of the crystal. These are at the positions 
obtained from the projection of Σ* on the real space, as is shown by 
the dashed lines. 
The fact that we get continuous lines in the superspace is a direct 
consequence of the incommensurate nature of the modulation. In the conven­
tional commensurate case, a superspace crystal can be defined in exactly 
the same way; however, now we will get discrete points instead of lines. 
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Consequently, it is not possible to make a section for an arbitrary τ to get 
the same crystal back aqain. 
The superspacc qroup G working in V is a 4-diinensional space qroup, 
defined as a direct product E(3)x E(l) of Euclidean space groups . An ele­
ment geG can be written as a pair: 
g = (gE, gj) = ( IRJ VJJ , {RJ V^) = {R|V} (11) 
g is an Euclidean transformation of the position space and g one of Lhe 
internal space. These transformations consist of a point group operation R 
and a translation v. For our example of a one dimensional modulation con­
sidered here, one has R = + 1. 
The superspace group is uniquely defined by the symmetry conditions of 
p(r): 
p(g r, g τ) = p(r, τ) (l¿a) 
For the positions r = r(n, J , T ) , this means 
g r (n, 3,t) = rin', j', τ') (12b) 
Eq. (12b) implies invar iance of the Ь а ы с s t r u c t u r e : 
q„(r + n) = r ' + n' (12c) 
Ь D J 
Eq. (12c) expresses the fact that the external part of the superspace 
group is the space group with lattice Л, called the basic space group. 
The superspace groups are denoted by a two line symbol. The upper line 
contains the Hermann-Maugum symbol for the basic space group. Below each 
generator g of this symbol, the corresponding g is written. As an example, 
Ρ с m η 
we consider the superspace group of Rb?ZnBr .: Ρ γ. The basic 
space group is Ρ с m n; s indicates the internal operation [g |v }={l|^(; 
Ï indicates the operation {R |v } = {-l|o). For further details about the 
notations, see reference 4. 
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The main aspects of the зирегьрасс construction for a modulated crystal can 
be summarized as follows: 
in 3 dimensions: r(n,i) = r + η + A cos Hq.r + η) + ψ )] 
пел 
-. — -. - • * -» 
к = ha* + kb* + le + mq 
кел*, ς£Λ* 
no space group symmetry 
in 4 dimcrihions: г(п,з,т) = (г + n + A C().s[q.(r +n) + Ψ + q τ] , τ ) 
and making the lattice symmetry explicit: 
r(n,n,j) = r(n,j) + η, η t. Σ 
г(п,з) = (г(п,з), 0) 
к = (iL, к
т
) ci* 
L· 1 
superspace group symmetry G 
g e G: g = (gE, g ^ 
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6.3 Superspace analysis of the physical properties of the incommensurate 
structure RbpZnBr. 
6.3.1 The structure of Rb^ZnBr« 
In the normal (N-) high temperature phase, Rb..ZnBr. has an orthorhombic 
crystal structure with .space group PcmnlD^, ). There are four molecules per 
unit cell and the lattice constants (at 373 K) are a = 13.38G X, b = 7.679 Я 
and с = 9.753 8.1 
Below Τ = 355 К the lattice is deformed by an incommensurate dispiacive 
modulation, and the positions of the atoms in the incommensurate (I-)phase 
can be written as: 
r(n,]) = Г + П + А Cos[q.(n + Г ) + φ~] (1) 
η is a vector of the basic orthorhombic lattice Л; r labels Lhe atoms 
within the unit cell of that lattice: Λ is their modulation ampiitude and 
is parallel to the b-axis, and the modulation wave vector is 
q = γ с* = 0.3 с*. The temperature dependence of q differs from that of 
-. 3 
c*, although in most of the I-phase the difference is small . The amplitude 
A increases with decreasing temperature according to the relation: 
A = A' (TT-T)ß (2) 
with β = 0.35 (see chapter 5). Eq. (2) is valid nearly over the whole tem­
perature range of the I-phase. Fig. 1 shows the temperature dependence of 
the two modulation par 
periments respectively. 
The average structure in the I-phase is presumably Pcmn ' , but structure 
refinements are still in progress . The point group symmetry in the I-phase 
7 8 
has also been a subject of discussion ' . Recent detailed morphological 
g 
studies show that the I-phase has point group symmetry m m m (sec section 
2.3). As a coordinate system in superspace, we choose the orthorhombic basis 
vectors a, b and с and the internal vector e (all these vectors being 
mutually orthogonal). Then a primitive basis for the superspace lattice 
Σ is 
(1,0,0,0), (0,1,0,0), (0,0,1,-γ), (0,0,0,1) (3) 
i 1 
the two modulation parameters q and A, obtained from neutron and NMR ex-
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Fig. 1 a) Temperature dependence of the modulation wave vector q (from 
reference 3). 
b) temperature dependence of the modulation amplitude, as mea­
sured from the shifts of the NMR singularities. 
The space group symmetry in the I-phase is given by a superspace 
Pc m η 
group. The superspace group of Rb9ZnBr. is assumed to be Ρ y , analogous 
10 s s l 
to that of the isomorphic structure K^SeO. , but the structural problem 
has not yet boon solved completely . This superspace group is generated by 
the lattice Σ (Eq. 3) and by the superspace group operations {R|V}, with 
components expressed with respect to the basis of Eq. (3): 
{ R E = m x, R I = l|v = (1, 0, i, i)] 
{ R E = m R I = l|v = (0, |, 0, i-)} 
L i, 0)) 
(4a) 
(4b) 
(4c) 
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The non primitive internal translations аь given in Eq. (4a) and (4b) de­
fine extra extinction rules for X-ray or neutron diffraction, which are not 
given by the basic space group. The conditions limiting possible reflections 
Pc m π 
of the superspace group Ρ . . τ are listed in Table I. 
Table I: Conditions limiting possible reflections for theï super.space group 
Pcmn 
Ρ γ. (There are no conditions for all other terms, the general 
one being (hklm) = ha* + kb* + 1c* + mq with a*, b*, c* orthor-
hombic and q = yc* incommensurate. 
h 
0 
h 
h 
0 
0 
к 
к 
0 
0 
к 
0 
0 
1 
1 
0 
0 
1 
0 
m 
m 
0 
0 
m 
h + к = 
1 + m = 
m = 2n 
(h = 2n) 
(k = 2n) 
(1 = 2n) 
2n 
2n 
6.3.2 The morphology of Rfc^ZnBr, 
The faces of a crystal, defined in a 4-dimen.sional space, are 3-dimen-
sional hyperplanes. These faces are lattice net planes of the 4-dimensional 
lattice Σ, and are characterized by a normal vector к belonging to the reci­
procal super lattice Σ*. The intersection of these hyperplanes with the 
3-dimensional space, gives the planes of the 2-dimensional faces. These are 
characterized by normal vectors к in real space, which are the projection 
of the 4-dimensional k's (intersection and projection arc the corresponding 
operations in the mutually reciprocal spaces). 
The superspace к vectors have the form: 
kg, к ) = (к + vq, υβ*) (5) 
and the projection on the normal (external) space yields the external com­
ponent к^ = к + vq. These are exactly the wave vectors which characterize the 
Bragg peaks of the diffraction pattern of the incommensurate crystal: ν = 0 
corresponds with the m a m reflection peaks, ν ^ 0 with the satellite опе.ч. 
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Therefore, the form of an incommensurate crystal is determined by the 
Fourier wave vectors of its matter distribution; the real faces observed in 
the 3-dimensional space, are perpendicular to the projections к of these 
wave vectors. In particular, one can expect now faces corresponding to the 
11 
satellite reflections also . The wave vectors of the incormensurate crystal 
are labelled with four integers (h к l m ) , called the superspace indices: 
k_, = ha* + kb* + 1c* + mq (m corresponds with v) 
Fig. 2 shows a picture of a single crystal of Rb?ZnBr. that exhibits 
a very large satellite face, indexed as (1101) (see also chapter 2). More­
over, Fig. 2 illustrates the fact that 4-dimensional superspace crystals may 
really have "super dimensions". 
Fig. 2 Single crystal of Rb-ZnBr. with a large satellite face, indexed as 
(1101), i.e. normal to к = a* + b* + q. 
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6.3.3 The vibration spectrum of Rb?ZnBr 
To study the lattice vibrations in the superspace, one has to know the 
Hamiltoman m terms of the external and internal coordinates. We will res­
trict the considerations to displacements from the equilibrium positions, 
described by vectors belonging to the real space only. It follows that the 
potential energy term of the Hamiltoman (to second order in the displace­
ment field) depends on the internal coordinate. Furthermore, the symmetry 
12 1 3 
of such an Hamiltoman is that of the superspace group of the crystal ' 
Therefore one can apply group theoretical arguments for deriving selection 
rules among (normal) modes transforming according to the corresponding irre­
ducible representations. However, even in the harmonic approximation, these 
modes are not independent. The investigation of the experimentally measured 
vibration spectrum, therefore still requires simple models and appropriate 
decoupling procedures, m which the superspace lattice translation symmetry 
is taken into account . (In chapter 4, this procedure is explained in det­
ail). 
The main assumptions leading to this simplification are: 
1) the restoring potential of the modulated crystal is translated in that 
of a system of modulated spring constants 
2) a Bloch ansatz is made for the displacement field, with the translational 
symmetry of Σ. 
The modulated spring constants can be written as: 
a^ = a + 6 cos(q.n + τ ) (6) 
η 
where 6 may depend on the modulation amplitude and τ is the internal coor­
dinate. The synmetry adapted normal modes have the form: 
- * , - · . " ι" " \ itk.n - uit) ,_ . 
u (η,τ) = u (q.n + τ) e (7a) 
ι г ^ 
with ^ ^ 
u (τ) = Σ u e , ν integer (Tb) 
ι ι ' 
ν 
The Fourier decomposition in Eq. (7b) is possible because of the periodi­
city in the internal space. Using the displacement field of Eq. (7), one 
can investigate the equations of motion. These lead to an infinite set of 
coupled equations 
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A u + D u + B u = 0 (8) 
ν υ ν 
Α, D and Β are (3s χ 3s) matrices and u a vector of dimension 3s, where s 
is the number of particles in the basic unit cell. Due to the coupling of 
modes with different \>, we do not obtain decoupled normal modes as for a 
normal crystal. However, it turns out that for sinusoidal modulation, this 
coupling has a strong hierarchical character: the strength of the coupling 
decreases with increasing v, m agreement with numerical calculations of 
Janssen and de Lange 
Therefore, it is sufficient to consider only first order coupling be­
tween ν and ν + 1. Then, at к = 0 the optical eigenfrequencies are given by: 
2 2 2 
for ν = 0 ü> = οι + б x (9a) 
I N 
for υ = + 1 ω = — sin (-1Ö-) (9b) 
I m 2 
The index I and N denote again the frequencies in the incommensurate and 
normal phase respectively and X is a function of the spring constants and 
masses involved. In the normal phase, ν = 0 is the only relevant term, 
while in the incommensurate phase new modes may appear in the optical spec­
trum for ν ¿ 0. This is also in agreement with the selection rules, derived 
with the help of the superspace group of Rb^ZnBr.. 
In Fig. 3 the Raman spectrum of Rb?ZnBr. is shown and it comes out 
clearly that below the normal-incommensurate phase transition, new modes are 
activated. This is a clear experimental confirmation that the derivation of 
the selection rules from the superspace symmetry is correct. More details 
and results can be found in section 4.6 and 4.7. 
The higher dimensionality of the superspace has still another aspect, 
which has nothing to do with lattice symmetry but is a purely dimensional 
argument, in the sense that the ground state energy is degenerate with res-
pect to continuous (dense) translations m the superspace. Whereas a normal, 
3-dimensional crystal has three ω = о modes, the three acoustical modes cor­
responding to rigid translations of the crystal as a whole in the three in­
dependent space directions, a 4-dimensional superspace crystal should have 
four ω= 0 modes. Inspection of Eq. (10) of section 6.2 and Fig. 2 of 6.2 
shows that a translation in the 4 , internal, coordinate corresponds to a 
change of the phase of the incommensurate modulation wave. Because the phase 
of this wave is not fixed to the origin of the lattice, such a phase shift 
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Fig. 3 a) Part of the A Raman spectra of RfcuZnBr. at temperatures above 
(369) and below (322 and 285 Κ) Τ . 
b) Frequency shift of the observed Raman lines as a function of 
temperature for the c(bb)a orientation and of two B, modes 
in the b(cb)a orientation. The new activated modes in the 
I-phase are indicated by numbers. 
connects states of same ground state energy and can indeed give rise to a 
4 zero frequency mode. Although such zero frequency modes are hard to 
detect directly in an optical experiment (just as with inelastic neutron 
scattering), we have found strong indications for the presence of this so 
called phason mode from the anomalous temperature dependence of the spin-
Ц 16 lattice relaxation time as measured with NMR ' (see Fig. 4). This is 
discussed in more detail in chapter 5. 
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6.3.4 The dielectric response of RbpZnBr. 
The study of the frequency dependent (including the zero frequency) 
dielectric response of a crystal, involves the knowledge of the local in­
ternal field (Lorentz field) i.e. of the internal polarization. This pola­
rization field is a function of the position of the atoms and of the reac­
tion of the crystals to the applied external field. Accordingly, it has the 
superspace symmetry of the crystal. The theory for such an internal field 
is still in progress. However, as a first step we can follow a similar ap­
proach as in section 6.3.3 to formulate the part of the dipolo field in­
duced by the lattice vibrations; i.e. by making use of the superspace trans­
formation properties of the displacement field. 
Suppose we have a crystal with oppositely charged particles (labelled 
by 1 and 2, with charges ζ and -z respectively). The dipole field at a lat­
tice point η is then given by: 
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^ u7(n) - u,(η) 
E (η ) = -, Σ — ί — i (10) 
P 0
 a
3
- ,- | H - n | 3 
η ¿ n o I o1 
where ζ = 2 ? for the longitudinal and ζ = -ζ for the transversal field 
component. By substituting the symmetry adapted displacement field u (η,τ) 
of Eq. (7), the following Fourier series expansion of the dipole field can 
be derived: 
E 
Ρ 
-,-V -V, l(k + Vq).n _,,„ Г - -,/n |1^ •. 
z(u? - u, )e
 м
 о S'tO к + vq,3/2) (11a) 
with 
ι k.n 
S'tRlk, m) = Σ- =• (see ref. 17) (lib) 
- ι - ;? ι 2m 
η η - R 
Eq. (11) can be used to study the dielectric response in the incommensurate 
phase. The main results are: 
1) the response near a resonance frequency ω is coupled to that at 
ω (vq), for integer υ. 
2) modes at к = \xq can become optically active 
Experimental confirmation of these results can be obtained from far-infra­
red (FIR) measurements on RtuZnBr.. In Fig. 5a the transmission of mono­
chromatic FIR radiation is plotted as a function of inverse temperature. 
The observed discontinuities at Τ result from the coupling to the (op-
tically in active) soft mode at к = q .In Fig. 5b, the low frequency part 
of the FIR transmission of Rb.ZnBr. is plotted, showing the activation of 
the acoustical ш(д) modes in the incommensurate phase . For more details 
see chapter 4. 
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Fig. 5 a) Transmission of RhuZnBr for several FIR frequencies as a func-
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normal-incomnensurate transition temperature Τ result from the 
coupling with the soft mode at к = q (ref. 13). 
b) Low frequency part of the FIR transmission spectra of RtuZnRr., 
for several temperatures. The activation of acoustical modes 
in the optical spectrum below the normal-incommensurate tran­
sition temperature Τ is clearly shown (The insert shows the 
dispersion of the acoustical branches of Rb^ZnBr., as measured 
with neutron scattering; from reference 2). 
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6.3.5 Final remarks concerning the superspace approach 
It is obvious that the superspace analysis as discussed in the pre-
ceding sections is still far from being complete. Yet it has been shown, 
that the superspace approach gives the adequate machinery to analyze and 
understand the physical properties of incommensurate crystal phases. Also 
for the commensurate phase, the use of the superspace approach may be of 
advantage, as it allows to describe structural relations within the elemen-
tary cell in terms of symmetry which are not possible in the Euclidean real 
space. Structural determination work in this direction has already shown 
that the superspace approach allows to reduce the number of parameters re-
quired 
To summarize, the superspace approach has been succesfully applied un-
til today to the following subjects: 
- symmetry of incommensurate crystals 
- diffraction of incommensurate crystals 
- morphology of incommensurate crystals 
- vibrations in incommensurate crystals 
- dielectric response of incommensurate crystals 
- "hidden" super synroetry in normal crystals. 
The superspace analysis as discussed here, clearly indicates the rele-
vance of the superspace approach. At the same time this implies that most 
of the work still has to be done. One way of understanding the properties 
of incoinnensurate crystal phases, is that to generalize the existing solid 
state theories to (3+d)-dimensions, for an appropriately defined additional 
dimension d. 
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7 Summary 
In this thesis experimental investigations are reported on incommensu-
rate single crystals, and theoretical interpretations are given using the 
superspace approach. 
In a normal crystal, the atoms form a regularly arranged pattern, ob-
tained by repeating a unit set of atoms by translations in three dimensions. 
This unit set defines an elementary cell and every particular atom of this 
unit set has exactly the same properties in every elementary cell, like the 
position within the cell, the nuclear spin, the charge density a.s.o. 
However, since some tens of years we know that there are cry.stals where, m 
certain temperature regions, well defined crystal phases do exist where at 
least one of these properties is modulated in space, i.e. differs from cell 
to cell. This modulation is periodic but with a wave length that does not 
fit (is incommensurate) with the underlying lattice. Consequently, the lat-
tice translational symmetry in at least one direction is lost. 
The absence of translational invariance leads to the fundamental 
problem if and how the usual concepts of solid theory, intimately related 
to symmetry (such as crystallographic space group, Brillouin zone, crystal 
field, normal vibration modes) can be generalized, and how this change will 
manifest itself in the physical properties of incoimensurate crystals. A 
study of these questions at a fundamental level is justified as incommen-
surability is a very wide spread phenomenon. It occurs in all kinds of crys-
talline solids: in insulators, conductors, semiconductors, ferroelectncs, 
organic materials a.s.o. Moreover, many new interesting features are ex-
pected and also observed in the incommensurate phase, such as new zero 
frequency modes and solitons (solitary waves), together with other pheno-
mena not yet understood. Accordingly, in recent years, there is a strongly 
growing interest in the problems related with incommensurability, both from 
experimental and from theoretical sides. 
In this thesis we have chosen Rb„ZnBr . as a model system for an inves-
tigation of a number of the properties of incommensurate crystals. Rb7ZnBr. 
at room temperature is an example of a displacively modulated crystal struc-
ture. We have used different experimental techniques to study the physical 
properties of this system, and for a proper interpretation of the results, 
we have tried to generalize existing theories, using the novel superspace 
approach. In such an approach, which has been developed by de Wolff m 
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Delft and Janner and Janssen in Nijmegen, there is again lattice transla­
tion symmetry, not in the real 3-dimensional space but in a higher dimen­
sional Euclidian space: the so-called superspace. In our example, the 
dimension of the superspace is 4, and therefore such crystals are sometimes 
identified with their description as "4-dimensional superspace crystals". 
In chapter 2, we present morphological studies of single crystals of 
RfcuZnBr. and of the isomorphic compound Rb?ZnCl.. We give a generalization 
of the classical geometrical law on crystal growth forms of Bravais, Frledei, 
Donnay and Harker to the superspace and superspace symmetry. In addition, a 
first step is made to extend this geome^nral description to include physi­
cal aspects which influence the growth process as in the Hartman-Perdok 
theory as well. 
In chapter 3, we report on measurements of the dielectric constant; 
the appearance of solitone near the (lock-in) transition from the incom­
mensurate to the low temperature commensurate phase is discussed. These 
solitons describe the modulation wave in the regime where neighbouring com­
mensurate domains are connected through fairly sharp incommensurate regions. 
A careful analysis of the observed temperature dependence yields a non-
classical behaviour of the density of solitons as a function of tempera­
ture. Singularities in the dielectric constant below this lock-in transi­
tion indicate at least two other phase transitions. 
The vibration spectrum of Rb„ZnBr . is studied with Raman and far-infra­
red spectroscopy and is reported in chapter 4. We make use of the superspace 
translational symmetry to analyze the incommensurate vibrational spectrum 
on the basis of a simple spring model. The selection rules for Raman and 
far-infrared active modes are derived from the superspace group of Rb-ZnBr .. 
Experimental confirmation of the special features of the spectrum in the 
incommensurate phase such as the coupling of the modes and the expected ac­
tivation of к = + g modes are given. The appearance of two additional phase 
transitions at 56K and 113K respectively is confirmed by observed changes of 
the optical selection rules. 
Using nuclear magnetic resonance (NMR) techniques, we have studied 
the properties of the incommensurate phase on a more atomic level. This 
work is reported in chapter 5. It is shown that NMR is an extremely useful 
and sensitive method to study many of the very subtle aspects of incommen­
surability. Experimental confirmation is obtained of the presence of phasons 
and solitons and detailed information about the form of the modulation wave 
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and the critical exponents near the phase transitions is acquired. 
A comprehensive theoretical analysis of the experimental resul t.s, using 
the superspace approach, is given m chapter 6. The principles of this ap-
proach are discussed first and then they are illustrated with the example 
of a displacively modulated crystal. Finally, a review is given of the phy-
sical properties of RkuZnBr. in terms of a superspace description, as far 
as it is possible at the present state of the theory. 
As a conclusion of this thesis it follows clearly that the mathematical 
machinery of the superspace approach gives an adequate frame work to inves-
tigate physical properties of incommensurate ("superspace") crystals. 
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8 Samenvatting 
Dit proefschrift geeft een verslag van experimenteel onderzoek aan 
incommensurabele kristallen en de theoretische interpretatie hiervan met 
behulp van de superruimte aanpak. 
In een normaal kristal zijn de atomen gerangschikt volgens een 3-di-
mensionaal periodiek patroon (rooster), dat ontstaat door herhaling van 
een groep atomen in drie onafhankelijke richtingen. Deze eenheidsgroep vult 
een elementaire cel, en een bepaald atoom heeft in elke elementaire cel 
precies dezelfde eigenschappen, zoals b.v. de positie binnen de cel, de la-
dingsdichtheid, de magnetische spin enz.. Sinds enkele tientallen jaren is 
het echter duidelijk geworden dat er kristallen zijn die in een bepaald 
temperatuurgebied een fase hebben, waarbij tenminste één eigenschap ruim-
telijk gemoduleerd is, d.w.z. van cel tot cel verschilt. Deze modulatie 
is weliswaar periodiek, maar met een periode die incommensurabel is met 
(d.w.z. niet past op) het onderliggende rooster, met als gevolg dat de 
translatie symmetrie in één of meer richtingen wordt verbroken. Toch is er 
wel degelijk sprake van lange afstands-ordening en we spreken ook terecht 
van "kristallen". 
Het ontbreken van translatiesymmetne leidt tot fundamentele proble-
men voor de vaste-stof-fysika, omdat vele van haar grondslagen nauw met 
symmetrie verbonden zijn, zoals b.v. de knstallografische ruimtegroep 
de Bnllouinzone, het knstalveld, normaal trillingen, enz.. Bovendien is 
het de vraag hoe de incommensurabiliteit tot uitdrukking zal komen in de 
fysische eigenschappen. Men verwacht nieuwe en ongewone verschijnselen zo-
als b.v. extra trillingen met frequentie nul en solitonen, die men, samen 
met nog onverklaarde zaken ook inderdaad heeft waargenomen. 
Incommensurabiliteit is een wijd verbreid fenomeen, dat men aantreft 
in zeer uiteenlopende fysische systemen zoals Isolatoren, geleiders, half-
geleiders, ferroelectrica, organische materialen enz.. Een fundamenteel 
onderzoek naar de eigenschappen van incommensurabele kristallen is daarom 
zeker op zijn plaats, wat ook blijkt uit de sterk groeiende belangstelling 
voor dit fenomeen in de laatste jaren, zowel van experimentele als van 
theoretische zijde. 
In dit proefschrift is het lonogene kristal Rb^ZnBr. als modelstruc-
tuur gekozen, om een aantal eigenschappen van incommensurabele kristallen 
te bestuderen. Bij kamertemperatuur is het rooster van Rb-ZnBr . vervormd 
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door een vcrplaatsinqsgolf met een golflengte die m e t past op het rooster, 
dat men krijgt indien er geen modulatie zou zijn. Er zijn verschillende ex-
perimentele technieken gebruikt om de fysische eigenschappen van dit systeem 
te bekijken. Om tot een correcte interpretatie van de resultaten te komen, 
hebben we getracht bestaande theorieën te generaliseren, waarbij gebruik 
wordt gemaakt van de nieuwe superruunte aanpak. Bij deze aanpak, welke ont-
wikkeld is door de Wolff in Delft en Janner en Janssen in Nijmegen, worden 
de symmctneeigenschappen van het mcommensurabele kristal herkregen door 
de standaardbeschrijving in de normale ruimte te vervangen door een overeen-
komstige beschrijving in een hoger dimensionale Euclidische ruimte: de zo-
genaamde superruimte. In ons voorbeeld is de dimensie van deze superruimte 
4, en daarom worden de kristallen soms aangeduid met "4-dimensionale super-
ruimte kristallen". 
In hoofdstuk 2 wordt verslag gedaan van morfologisch onderzoek aan 
één-kristallen.van Rb7ZnDr . en de isomorfe verbinding Rb^ZnCl.. We geven 
een generalisatie naar de superruimte en superruimtegroep-symmetne van de 
klassieke geometrische wet voor de kristalgroeivormen van Bravais, Fnedel, 
Donnay en Harker. Bovendien is er een begin gemaakt om, analoog aan de 
Hartman-Perdok theorie, doze geometrische beschrijving uit te breiden door 
ook fysische aspecten die het groeiproces beïnvloeden in rekening te bren-
gen. 
Hoofdstuk 3 gaat over metingen van de dielectrische constante en be-
handelt het optreden van solitonen in de buurt van de fase-overgang ( lock-
in) van de mcommensurabele naar de commensurabele lage temperatuur fase. 
Deze solitonen beschrijven de modulatie in het gebied waar commensurabele 
domeinen verbonden worden door, tamelijk nauwe, mcommensurabele gebiedjes. 
Een zorgvuldige analyse van de waargenomen temperatuurafhankelijkheid geeft 
een met-klassiek temperatuurgedrag van de soliton dichtheid te zien. Sin-
gularitäten in de dielectrische constante beneden deze lock-in overgang 
geven aanwijzigingen voor tenminste nog twee fase-overgangen. 
In hoofdstuk 4 wordt het vibratiespectrum van Rb^ZriBr. bestudeerd met 
behulp van Raman en ver-infrarood spectroscopie. Het vibratiespectrum in 
de mcommensurabele fase wordt geanalyseerd door de superruimte-translatie-
symmetrie toe te passen op een eenvoudig veertjesmodel. De Raman- en ver-
infrarood- selectieregels zijn met de superruimtegroep van Rb^ZnBr . afge-
leid. Experimentele bevestigingen van enkele karakteristieke bijzonderheden 
van het spectrum in de mcommensurabele fase, zoals de koppeling van de 
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vibratie modes en het optisch actief worden van modes met к = + q worden 
gegeven. Waargenomen veranderingen in de optische selectieregels bevestigen 
het optreden van nog twee faseovergangen bij respectievlijk 56 en 113K. 
De eigenschappen van de inconmensurabele fdse zijn op een meer atomaire 
schaal bestudeerd door middel van kernspinresonantie (NMR) technieken. Dit 
wordt beschreven in hoofdstuk 5. Hier kan men zien dat NMR een uitzonderlijk 
nuttige en gevoelige methode is om vele van de uiterst subtiele aspecten die 
verbonden zijn met incommensurabiliteit te bestuderen. De aanwezigheid van 
fasonen en solitonen wordt experimenteel aangetoond en er wordt gedetailleerde 
informatie verkregen over de vorm van de modulatiegolf en de kritische ex­
ponenten m de buurt van de fase-overgangen. 
Een uitgebreide theoretische analyse van de experimentele resultaten, 
gebruikmakend van de superruimteaanpak, wordt in hoofdstuk 6 gegeven. 
Eerst worden de grondslagen ervan besproken waarna deze aan de hand van het 
voorbeeld van een kristal met een verplaatsingsmodulatie geïllustreerd 
worden. Tenslotte wordt een overzicht van de fysische eigenschappen van 
Rb-ZnBr. in de superruimte beschrijving gegeven, voor zover de huidige stand 
van de theorie dit mogelijk maakt. 
Dit proefschrift laat zien dat het wiskundige apparaat van de super-
ruimte aanpak duidelijk een geschikt kader geeft om de fysische eigen-
schappen van incoranensurabele (superruimte) kristallen te begrijpen. 
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STELLINGEN 
I 
De kans op een 3e (nucleaire) wereldoorlog zou aanzienlijk kun-
nen worden verkleind indien men het Witte Huis van Washington 
naar Moskou en het Kremlin van Moskou naar Washington zou ver-
plaatsen. Deze oplossing is ook aanzienlijk goedkoper dan het 
installeren van kruis- en SS20 raketten. 
II 
Naar aanleiding van geconstateerde brosheid in reactorvaten in 
Amerika, verscheen het officiële bericht dat dit gevaar niet aan-
wezig is in de reactors van Dodewaard en Borsele. Uit het niet 
noemen van Petten in dit rijtje, kan de kritische lezer de (in-
derdaad juiste) konklusie trekken dat dit gevaar daar wel be-
staat. Dit voorbeeld lijkt tekenend voor de berichtgeving over 
deze problematiek. 
III 
De superruimtegroepbeschnjving kan ook zinvol zijn voor normale 
(commensurabele) kristallen, omdat het de mogelijkheid biedt 
structurele relaties aan te geven tussen atomen in de eenheids-
cel die niet door de gewone ruimtegroepsymmetne worden gegeven. 
D.Y. Valentine, O.B. Cavin en H.L. Yakel, Acta Cryst. B33, 1389 
(1977). 
IV 
Dankzij het opmerkelijke feit dat verschillende sterke koppe-
lingeffecten tegen elkaar wegvallen, is de paarbrekende para-
meter Γ van een sterke koppeling supergeleider praktisch gelijk 
aan die van een zwak gekoppelde. 
Th.H.M. Rasing, H.W.M. Salemink, P. Wyder and S. Strassler, 
Phys. Rev. B2j3, 4470 (1981). 
ν 
Ten onrechte wordt er in de literatuur alleen aandacht geschon­
ken aan fase-solitonen, terwijl recente modelberekeningen aan­
tonen dat de amplitude-solitonen ook belangrijk kunnen zijn. 
T. Janssen en J.A. Tjon, Phys. Rev. B24, 2245 (1981). 
VI 
Bij de analyse van subharmonische cyclotron-resonanties van 
electronen in bismuth bij hoge frequenties moet nagegaan worden 
welke bijdrage de afwijkingen van ellipsoiditeit van het Fermi-
oppervlak hieraan levert, binnen het kader van een lokale ge-
ledingstensor. 
M. Miklave en H.D. Drew, Phys. Rev. B23, 5269 (1981). 
VII 
Met behulp van dubbelpuntkontakt spectroscopie moet het moge­
lijk zijn reflecties van quasideeltjes tussen een normaal en 
een supergeleidend metaal (Andreev reflecties) rechtstreeks 
te meten. 
VIII 
De bewijsvoering voor het aanwezig zijn van fasonen in kalium 
m.b.v. warmtegeleidingsmetingen is aanvechtbaar, daar deze 
sterk afhangt van de keuze van verschillende parameters. 
C D . Amarasekara en P.H. Keesom, Phys. Rev. Lett. 47, 1311 
(1981). 
IX 
Hardloopprestaties zouden verder opgevoerd kunnen worden 
door een gunstiger aangrijpingshoek van de quadriceps uit me­
chanisch oogpunt is de huidige situatie niet optimaal. Diskus-
sies over het opvoeren van de wetenschappelijke prestaties op 
de universiteiten leiden vaak tot analoge gedachten. 
januari 1982 Theo Rasing. 


